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Robust estimation of pressure and velocity gradients from one time step
 in turbulent pipe flows via two-stage physics-informed neural networks

1Robin Barta; 2Christian Bauer*; 1Gholamhossein Bagheri

1Laboratory for Fluid Physics Pattern Formation and Biocomplexity, Max Planck Institute for Dynamics and Self-Organization  

37077 Göttingen, Germany
2Institute of Aerodynamics and Flow Technology, German Aerospace Center (DLR), 37073 Göttingen, Germany

Abstract 

Physics-informed  neural  networks  (PINNs)  have  emerged  as  a  promising  approach  in  fluid  mechanics  for  

reconstructing unknown flow quantities—such as pressure and temperature—from sparse velocity measurements by 

embedding the governing equations of fluid flow into the training process [1,2]. Although PINNs are well suited to 

handling spatially sparse data [3], they are typically trained using large datasets across multiple time steps, which 

makes them computationally expensive. Here, we propose a novel PINN framework that reconstructs pressure fields 

and energy dissipation rates in non-thermal turbulent flows using only a single time step of sparsely sampled three-

dimensional velocity data involving training with the pressure Poisson equation,

As input, we employ synthetic particle data generated by a direct numerical simulation (DNS) of turbulent pipe flow 

at a friction Reynolds number  with varying inter-particle spacings. While DNS data are used at this stage, the ultimate 

objective is to apply the framework to experimental particle data obtained from fast two-pulse measurement systems 

[4]. To evaluate the method under realistic conditions, we added simulated measurement noise to the data. The  

proposed PINN effectively corrects the velocity field, yielding over 90% accuracy in both pressure reconstruction and 

energy dissipation estimation. These results highlight the framework's strong potential for processing realistic, noisy 

experimental data. 

[1] Mommert M, Barta R, Bauer C, Volk MC, Wagner C (2024). Comput. Fluids, 283, 106419 

[2] Barta R, Volk MC, Bauer C, Wagner C, Mommert M (2025). Meas. Sci. Technol., 36(7), 075304

[3] Di Leoni PC, Agarwal K, Zaki TA, Meneveau, C, Katz J (2023). Exp. Fluids, 64(5):95

[4] Thiede B, Nordsiek F, Kim Y, Bodenschatz E, Bagheri G (2025). Atmos. Meas. Tech., 18(21):5999–6019

Keywords: Physics-informed neural networks (PINN), pressure assimilation, dissipation rates 
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Physics-informed neural networks for RANS simulations with data-driven turbulence 

modelling 

1Jincheng Zhang 
1School of Engineering, University of Warwick, Coventry CV4 7AL, UK 

Abstract  

Turbulent flows are of great interest for many engineering applications. With the fast development of scientific 
machine learning, a lot of works are emerging on data-driven turbulence modelling and machine-learning-augmented 
CFD simulations, aiming at better performance over the traditional turbulence models. On the other hand, the recent 
development of physics-informed neural networks (PINNs) offers an alternative framework to the traditional 
numerical approaches for flow simulations, particularly for parametric flow simulations. To push the research 
boundary, this work proposes an integrated data-driven turbulence modelling and simulation framework based on 

physics-informed neural networks. From the perspective of data-driven turbulence modelling, most works in the 
current literature rely on a baseline RANS model within their simulation framework. In this work, the data-driven 
modelling of the Reynolds stress transport equations is investigated without relying empirical models, thus avoiding 
limitations imposed by the baseline models. From the numerical simulation perspective, there are several attempts in 
the current literature on using PINNs for RANS simulations. Their performances are encouraging but are still facing 
great challenges particularly on the training convergence, considering that they all employed traditional turbulence 
models which were developed within the numerical paradigm but not tailored for the PINN framework. In this work, 
by developing a data-driven turbulence model and subsequently employing it within the same PINN framework, the 
consistency between the inverse problem (i.e. model discovery) and the forward problem (i.e. solution inference) is 

enabled. The proposed framework is applied to a set of flows over periodic hills of parameterized geometries. The 
preliminary results show that the mean flow quantities and the turbulence quantities are both obtained with good 
accuracy, and this is true for both the training case and the test cases.  

 

Keywords: Physics-informed neural networks; RANS simulations; Data-driven turbulence model 
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PGP-GNN: A Physics-Guided Prior Graph Neural Network for Efficient 

Prediction of Hypersonic Chemical Non-Equilibrium Aerodynamic Heating 

 

Wanshu Li 1, Zhiyu Duan1,Wenwen Zhao1, Weifang Chen 1 

1 School of Aeronautics and Astronautics, Zhejiang University, Hangzhou 310027, China 

 

Abstract: Accurate and efficient prediction of the chemical non-equilibrium aerodynamic heating 

remains a fundamental challenge in hypersonic vehicle design. High-fidelity Computational Fluid 

Dynamics (CFD) simulations are computationally prohibitive due to stiff chemical source terms, whereas 

purely data-driven approaches often suffer from limited physical interpretability and poor generalization 

across varying catalytic wall conditions. To address these limitations, a Physics-Guided Prior Graph 

Neural Network (PGP-GNN) is proposed. The central idea of the proposed framework is a physics-based 

multi-fidelity fusion strategy, in which a computationally inexpensive perfect-gas solution is employed 

as a low-fidelity physical model before capturing the topological structure of the flow field. A dual-

branch graph-based architecture is constructed to explicitly decouple the total wall heat flux into a 

conductive component, governed primarily by macroscopic thermal gradients, and a diffusive component 

driven by surface catalytic reactions. Numerical experiments conducted on double-ellipsoid and HTV-2 

configurations indicate that the proposed framework provides a sevenfold speedup relative to real-gas 

CFD simulations, while maintaining high predictive fidelity. The model exhibits robust performance 

even under complex regimes involving Mach number and wall temperature extrapolation alongside 

catalytic efficiency interpolation. This work effectively bridges the gap between physical mechanism 

decoupling and data-driven efficiency, offering a robust tool for rapid aerothermal design. 
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CFD-informed Neural Networks (CINNs) – 

Integrating an industrial-grade CFD solver into Physics-Informed Neural Networks

1Simon Wassing*; 1Tobias Leicht; 1Philipp Bekemeyer;

1German Aerospace Center – DLR, Institute of Aerodynamics and Flow Technology, Department C2A2S2E

Abstract 

Physics-informed neural networks (PINNs) have emerged as a promising approach for solving partial 

differential equations in aerodynamics, leveraging neural networks as global ansatz functions trained via 

residual minimization and automatic differentiation. PINNs have demonstrated success in simulating 

subsonic and supersonic inviscid as well as laminar and incompressible flows. They show particular 

promise in inverse problems and parametric studies where traditional solvers would require repeated,  

computationally expensive simulations. Despite these advantages, the application of PINNs remains 

largely restricted to simple, two-dimensional geometries. A major challenge arises in complex three-

dimensional configurations, where the neural network must approximate solutions across domains with 

highly non-uniform frequencies. Sharp gradients (e.g. in boundary layers and shocks) lead to poorly 

conditioned optimization problems and thus slow convergence and inaccurate predictions. To overcome 

these limitations, we introduce a CFD-informed neural network (CINN), which integrates the industrial-

grade computational fluid dynamics (CFD) solver CODA for the residual evaluation in the loss function 

that is used to train the neural network. CODA’s differentiability can be exploited to train a neural  

network using automatic differentiation. By combining the flexibility of a neural network ansatz function 

for inverse and parametric problems with the robustness and versatility of classical CFD solvers, CINNs 

aim to enhance accuracy and convergence for complex aerodynamic flows. CODA is the CFD software 

being developed as part of a collaboration between the French Aerospace Lab ONERA, the German 

Aerospace Center (DLR), Airbus, and their European research partners. CODA is jointly owned by 

ONERA, DLR and Airbus.

Keywords: aerodynamics, physics-informed neural networks, computational fluid dynamics
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Physics-informed learning of unsteady fluid systems via dynamical invariants 

1,2Gulliver Van Essche*; 1,2Gonçalo Granjal Cruz; 1,2Tim De Troyer; 1,2Mark Runacres; 1,2Jan Decuyper; 
1Thermo and Fluid Dynamics (FLOW), Faculty of Engineering, Vrije Universiteit Brussel (VUB), Brussels, 1050, Belgium. 

2Brussels Institute for Thermal-Fluid Systems and Clean Energy (BRITE), Vrije Universiteit Brussel (VUB) and Université libre 
de Bruxelles (ULB), Brussels, 1050, Belgium. 

Abstract 

Data-driven methods successfully provide fast surrogate models of fluid dynamical systems. Such models are trained solely 

on observational data. However, available data are often limited or constrained. As a result, data-driven methods frequently 

yield poor extrapolation properties [1] and error accumulation over time [2]. Hybrid data- and physics-driven approaches 

provide broader support and improved generalisability, while also enabling a reduction of the training data and its associated 

costs [3]. 

A common approach is to augment data-fitting objectives with additional loss terms that penalise deviations from assumed 

governing equations, or enforce them explicitly through the model structure, with physics-informed neural networks 

(PINNs) [3] as the archetypal example. However, in practice, implementing a loss term to account for deviations from the 

governing equations is not straightforward. Through relatively simple experiments, dynamical invariants of certain systems 

can be identified and subsequently incorporated more directly into the objective function.  

We demonstrate this approach when identifying a dynamical model of the wake behind a cylinder undergoing imposed 

motion. At Re = 100, a stationary cylinder exhibits stable vortex shedding [4]. This behaviour is typically described by a 

limit cycle of the system, materialising in the neighbourhood of an unstable fixed point [5]. When the cylinder is forced to 

oscillate transversally to the incoming flow, other nonlinear effects (e.g. lock-in) appear. Models trained solely on such 

imposed-motion data, i.e. on observations of the system far away from the fixed point, often fail to capture the limit-cycle 

response. By adding physics-driven regularisation terms that promote the stability properties of fixed points, we constructed 

a model that correctly reproduces the stable limit cycle without having observed this regime during experiments. 

Keywords: unsteady fluid dynamics; nonlinear system identification; physics-informed learning; dynamical regularisation. 

[1] Brunton, S. L., Noack, B. R., and Koumoutsakos, P. (2020). "Machine learning for fluid mechanics." Annual Review 

of Fluid Mechanics, 52, 477–508. 

[2] Vlachas, P. R., Pathak, J., Hunt, B., Sapsis, T. P., Girvan, M., Ott, E., and Koumoutsakos, P. (2018). "Backpropagation 
algorithms and reservoir computing in recurrent neural networks for the forecasting of complex spatiotemporal dynamics." 

Neural Networks, 126, 191–217. 

[3] Raissi, M., Perdikaris, P., and Karniadakis, G. E. (2019). "Physics-informed neural networks: A deep learning 
framework for solving forward and inverse problems involving nonlinear partial differential equations." Journal of 

Computational Physics, 378, 686–707. 

[4] Williamson, C. H. K. (1996). "Vortex dynamics in the cylinder wake." Annual Review of Fluid Mechanics, 28, 477–
539. 

[5] Noack, B. R., Afanasiev, K., Morzyński, M., Tadmor, G., and Thiele, F. (2003). "A hierarchy of low-dimensional 

models for the transient and post-transient cylinder wake." Journal of Fluid Mechanics, 497, 335–363. 
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IGANets: Blending isogeometric analysis with operator learning 

1Matthias Möller* 

1Department of Applied Mathematics, Delft University of Technology, Mekelweg 4, 2628 CD Delft, The Netherlands 

Abstract  

Physics-informed machine learning has attracted growing interest as a potential alternative to classical numerical 

methods for solving initial and initial-boundary value problems. However, many neural network-based approaches, 

such as Physics-Informed Neural Networks (PINNs) and Deep Operator Networks (DeepONets), rely on 

formulations that are not naturally compatible with established numerical analysis workflows, including finite 

element and isogeometric analysis. 

In this work, we introduce IGANets, a novel operator-learning framework that remains fully within the paradigm of 

classical isogeometric analysis. Rather than approximating the solution field directly, IGANets predict the 

coefficients of an a priori chosen spline basis. This structure-preserving design enables high-quality, near real-time 

inference and allows the network output to serve as an efficient initial guess for subsequent offline iterative 

refinement. 

IGANets are trained across a broad range of problem configurations, including geometric and parametric variations, 

which are represented consistently through their spline coefficients. This makes the approach particularly attractive 

for design optimization scenarios, where the one-time offline training effort amortizes over many design evaluations. 

We present original results for both linear and nonlinear elasticity problems, along with preliminary findings for fluid 

flow applications. Furthermore, we compare IGANets with alternative physics-informed learning approaches, in 

particular PINNs and DeepONets, with respect to computational efficiency and generalization performance. Finally, 

we discuss the integration of IGANets as initial-guess generators within a classical isogeometric analysis framework 

based on iterative solvers. 

Keywords: Isogeometric analysis, Operator learning, Scientific machine learning 
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Pareto-Optimal Generative Modeling with Physical Constraints via Physics-Based Flow 

Matching 

1Giacomo Baldan*; 1Qiang Liu; 1Nils Thuerey; 

1Technical University of Munich (TUM), Garching, 85748, Germany 

 

Abstract  

Physics-constrained generative modeling aims to generate high-dimensional samples that are both physically 

consistent and distributionally accurate. These objectives are often conflicting: enforcing physical constraints can 

degrade generative fidelity, while optimizing only data likelihood may violate governing equations. Recent advances 

in flow matching have enabled efficient generative modeling for scientific data, yet incorporating physics typically 

requires manual loss balancing or expensive inference-time corrections. 

We address this challenge by explicitly formulating physics-constrained generative modeling as a Pareto optimization 

problem between physical accuracy and distributional fidelity. We introduce Physics-Based Flow Matching (PBFM), 

a training framework that integrates physical constraints directly into flow matching using conflict-free gradient 

updates. By aligning gradients of the generative and physics losses, PBFM eliminates the need for manual weighting 

and enables simultaneous optimization of both objectives. To further improve physical consistency, we mitigate 

Jensen’s gap by unrolling the generative trajectory during training, allowing residuals to be evaluated on more 
accurate predictions of the final clean sample. 

We evaluate the method across representative physics-driven learning problems of increasing complexity: Darcy 

flow, Kolmogorov flow, and unsteady aerodynamics in dynamic stall conditions. These problems span steady, 

stochastic, and highly nonlinear transient regimes, providing a challenging testbed for physics-constrained generative 

modeling. Results show that explicitly accounting for the Pareto structure enables models that maintain high sample 

quality while significantly improving physical consistency. The proposed framework provides a scalable path for 

generative modeling in scientific and engineering applications where both statistical accuracy and adherence to 

physical laws are essential. 

 

Keywords: Flow Matching, Physics, PDE, Diffusion Models 
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Physics-Informed ML for CFD Applications: Forward Modeling of Microchannel Heat 

Transfer and Inverse Identification in Hydrogen Injection 

1Tamara Gammaidoni*; 1Jacopo Zembi; 1Michele Battistoni; 

1Università degli Studi di Perugia, Via G. Duranti n. 93, 06125, Perugia, Italy 

 

Abstract   

Physics-Informed Neural Networks (PINNs) have emerged as a promising approach for solving Partial 

Differential Equations (PDEs) by embedding governing physical laws into the neural network training 

process. By enforcing the PDE residual within the loss function, PINNs can approximate physically 

consistent solutions even without large labeled datasets. However, their applicability to industrial thermo-

fluid problems remains challenging, particularly for complex geometries, multi-physics coupling, and 

highly nonlinear flows. 

This work investigates the capabilities of PINN-based approaches in two representative thermo-fluid 

applications relevant to engineering design and modeling: forward simulation of conjugate heat transfer 

in microchannel heat exchangers and inverse parameter identification in hydrogen injection processes. 

In the first case-study, PINNs are used to model laminar flow and heat transfer in parametrized rectangular 

and wavy microchannel geometries, assessing their capability to predict coupled momentum and heat 

transport phenomena in varying geometries. Particular attention is devoted to training strategies that 

significantly influence convergence and accuracy, including collocation point distribution, the balance 

between physics-based and partially supervised training, and network architectures. Results are also 

compared with Physics-Informed Fourier Neural Operators (PINO), to evaluate their potential as 

surrogate models for parametric thermo-fluid simulations and rapid design exploration. 

The second case-study focuses on an inverse problem related to hydrogen jets. PINNs are employed to 

infer unknown physical parameters directly from observed flow fields, enabling the reconstruction of 

quantities of interest for CFD simulations such as mass diffusivity. This problem introduces additional 

challenges due to the presence of transient and turbulent flow dynamics, which significantly increase the 

complexity of the governing equations and the associated training process. 

The combined analysis of forward and inverse problems reveals the strengths and limitations of PINNs 

in complex thermo-fluid scenarios and their potential to complement traditional CFD workflows for 

parametric studies, reduced-order modeling, and parameter estimation. 

Keywords:  

Physics-Informed Neural Networks (PINNs); Computational Fluid Dynamics (CFD), Conjugate Heat Transfer 

(CHT), Inverse Problems, Hydrogen Injection  
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A Two-Stage Physics-Informed Neural Network for Temperature Reconstruction from 

Lagrangian Particle Tracking Data 

1H. Shin*; 1,2A. Schröder 

1Inst. of Aerodynamics and Flow Technology, German Aerospace Center (DLR), Göttingen, Germany 

2Inst. of Traffic Engineering, Dep. of Image Based Measurement Techniques, Brandenburgische Technische Universität, Cottbus, 

Germany 

Abstract  

Physics-Informed Neural Networks (PINNs) have emerged as a powerful framework for reconstructing flow fields from sparse 

experimental measurements by embedding governing physical equations into neural network training. Previous studies have 

demonstrated that PINNs can accurately reconstruct velocity and acceleration fields from Lagrangian Particle Tracking (LPT) data 

and can further infer pressure fields through the Navier–Stokes equations. However, reconstructing temperature fields from pure 

LPT data remains challenging in thermally driven flows, where temperature actively influences the flow dynamics through 

buoyancy coupling. 

In this work, we investigate the feasibility of reconstructing temperature fields from LPT data using PINNs in a three-

dimensional thermal convection system. Direct Numerical Simulation (DNS) data of Rayleigh–Bénard convection (Pr = 7, Ra = 

10⁶, Γ=8) are used as the reference dataset. To emulate realistic LPT measurements, approximately 35,000 particles are advected 

in the convection cell, corresponding to a mean inter-particle spacing of approximately three times the local Kolmogorov length 

scale. 

A two-stage PINN framework is proposed to improve the reconstruction accuracy of the temperature field from particle 

trajectory data. The results demonstrate that, when appropriate boundary conditions are imposed at the upper and lower plates, the 

proposed PINN framework can successfully reconstruct the temperature field close to upper and lower plates without requiring 

prior knowledge of the flow structure, such as the mean temperature profile. 

 

Figure  1. Comparison of temperature fields near the lower plate (z/H = 0.05): (a) DNS reference and (b) PINN reconstruction 

from synthetic LPT data. Black dots on the right-hand side figure indicate the locations of synthetic particles within a slab of 

thickness 0.01H centered at the plotted plane. 

Keywords:  physics informed neural network, data assimilation, particle tracking velocimetry, Rayleigh-Bénard 

convection 
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SIM-PINN: Segregated, Iterative, and Multi-Stage Physics-Informed Neural Network for 

Incompressible Flow Simulations

1Yunde Su*; 1,2Zhenyu Zhang;

1National Key Laboratory of Fundamental Algorithms and Models for Engineering Simulation, Sichuan University, Chengdu  

610207, China

2School of Computer Science, Sichuan University, Chengdu 610207, China

Abstract

Physics-informed  neural  networks  (PINNs)  offer  a  mesh-free,  continuously  differentiable  approach  to  fluid 

simulation by embedding governing equations into the training objective. However, for incompressible Navier–

Stokes equations, standard monolithic PINNs often suffer from severe constraint coupling and spectral biases. This 

leads to difficulties in achieving deep convergence and high accuracy. To address these challenges, we propose a 

Segregated, Iterative, and Multi-stage PINN (SIM-PINN) inspired by classical projection methods in computational 

fluid dynamics. Instead of simultaneous optimization, SIM-PINN employs projection-style inner iterations in which 

the momentum and continuity equations are optimized in a segregated manner using different neural networks . In 

each iteration, the velocity field is firstly predicted from the momentum equations and then updated using the 

pressure-correction Poisson equation. Both the momentum and continuity equations are satisfied when interaction  

converges. To enhance convergence and solution accuracy, a multi-stage refinement network architecture is used for 

each equation. Each stage corresponds to an iteration step. A new network is introduced at each stage to learn the  

residual obtained from the previous stage and correct the solution variables within a targeted range of frequency. 

Numerical  experiments  on  the lid-driven cavity and unsteady  Kolmogorov  flow simulations demonstrate  that, 

compared with standard PINN, SIM-PINN consistently yields lower and more uniformly distributed PDE residuals 

and delivers improved accuracy and stability. 

Keywords: Physics-Informed Neural Networks (PINNs); Incompressible Navier-Stokes Equations; Projection Method; 

Segregated iteration; Multi-stage Architecture; Frequency-aware Refinement
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Solving Navier‒Stokes equations using the feature-enhanced neural network 
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Abstract  

Physics-informed neural networks (PINNs) have shown remarkable prospects in solving forward and inverse 
problems involving partial differential equations (PDEs). The method embeds PDEs into the neural network by 
calculating the PDE loss at a set of collocation points, providing advantages such as meshfree and convenience in 
solving inverse and parametric problems. However, PINNs still face challenges in solving strongly nonlinear PDEs 
involving fluid dynamics, particularly in terms of limited universality and high computational cost. Inspired by input 
design in surrogate modeling, we propose a feature-enhanced neural network (FENN) in this study. By introducing 
geometric features and physical features in the inputs of PINNs, FENN can learn the flow more easily, resulting in 
better performance in terms of both accuracy and efficiency. To avoid invalid PDE residuals caused by neglecting 
the partial derivatives of the features with respect to space-time coordinates, the feature networks are established 
offline in advance. Through three numerical experiments involving forward and inverse problems, we first verify 
that FENN generally reduces the computational cost of PINNs and advanced algorithms by approximately four times 
and two times, respectively. Furthermore, numerical experiment show that the proposed method can reduce the 
number of observed data required for the inverse problem. Finally, the capability of FENN to solve the compressible 
Navier–Stokes equations is validated. To the best of our knowledge, this is the first time that a PINN-like method 
has successfully solved these equations. 

Keywords: Feature-enhanced, Physics-informed neural networks, Navier-Stokes equations, Inverse problems 

1. Introduction 

In recent years, physics-informed neural networks (PINNs) [1] have emerged as a promising tool for solving forward 
and inverse problems involving partial differential equations (PDEs). The central idea of PINNs is integrating the PDE 
residual into the loss function of the neural networks, ensuring that the networks minimize the residual while 
approaching the boundary conditions or observed data. Compared with traditional numerical methods, such as the 
finite volume method [2], finite difference method [3], and finite element method [4], PINNs offer several attractive 
advantages. First, PINNs employ automatic differentiation [5] to compute partial derivatives, thereby eliminating the 
need for mesh generation. Second, PINNs can readily integrate observed data, making them particularly suitable for 
inverse problems, such as reconstructing velocity and pressure fields from concentration measurements [6]. Owing to 
these advantages, PINNs have achieved remarkable success in computational science and engineering. 

Despite these advantages, PINNs still suffer from slow convergence and even fail to obtain correct solutions, 
particularly in complex fluid mechanics problems. To address this issue, many studies have been devoted to improving 
the performance of PINNs. Representative approaches include Fourier feature embedding [7], adaptive activation 
functions [8] and weight normalization [9]. However, they mainly focus on modifications to network architectures, 
activation functions, or loss formulations, while the inputs of PINNs are generally limited to space-time coordinates. 
In contrast, researchers in surrogate modeling often design specialized input features to enhance modeling accuracy 
and generalization [10, 11]. Inspired by these studies, we propose a feature-enhanced neural network (FENN) to 
accelerate the convergence of PINNs in fluid dynamics by introducing specifically designed geometric or physical 
features into the inputs of PINNs. 

2. Methodology 

2.1 Feature-enhanced neural network 

In surrogate modeling, the choice of network inputs has a significant influence on model performance [10, 11]. 
Previous studies have shown that carefully designed features, such as the signed distance function and metrics, can 
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substantially improve model accuracy and generalization capability. In contrast, the inputs of PINNs are typically 
limited to space-time coordinates ( , )tx . Inspired by these studies, we propose a feature-enhanced neural network 
(FENN) for solving PDEs involving fluid mechanics. Specifically, we combine space-time coordinates with designed 
features ( , )F tx  as inputs of the neural network, while other settings are kept the same as in PINNs. By introducing 
features in the network inputs, FENN can learn the flow more easily, leading to improved accuracy and computational 
efficiency. Moreover, since only a few additional neurons are introduced in the input layer, the extra computational 
cost is negligible. A schematic of FENN is shown in Figure 1. The feature design will be presented in detail in Section 
2.2.  

 
Figure 1 A schematic of FENN for solving partial differential equations. 

The feature networks are established offline to address the incorrect computation of partial derivatives caused by 
directly introducing features into the inputs. We illustrate this issue by computing / x U ( U  represents the output 
of FENN, and   denotes the network parameters). Since iF  is a function of x , according to the chain rule: 
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where ( / )sx U  and / iF U  denote the partial derivatives of the output U  with respect to the inputs x  and iF , 
computed via automatic differentiation. Directly introducing the features into the inputs of PINNs implies that x  and   

iF  are independent, which leads to  / 0iF x   . Consequently, an erroneous / x U  is obtained. To resolve this 
problem, the feature networks are trained offline in a supervised manner to obtain regression models of iF  with respect 
to ( , )tx , which are subsequently employed as features in the inputs. During the computation of / x U  in the main 
network, /iF x   is extracted from the feature networks via automatic differentiation, thereby ensuring the correctness 
of / x U . 

Compared with PINNs, FENN introduces additional computational cost due to the training of the feature networks. 
However, the feature networks contain significantly fewer parameters than the main network and are easier to train 
because they are supervised. Therefore, the computational cost of feature networks is much lower than that of the 
main network. Detailed results from numerical experiments are provided in Section 3. 

2.2 Feature design 

We design both geometric and physical features in this study. First, the geometric features are designed based on [12], 
including the distance feature D  and the angle feature  . Specifically, for a point x , D represents the shortest 
distance from x  to the wall, where the corresponding point lx  on the wall is defined as the local point. The feature 
  is defined as the product of the angle   between the tangent direction at lx  and the wall 0  angle of attack, and 
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the distance attenuation function 3 3( ) 1 / ( /10)D D D c     . c  represents the characteristic length, such as the 
diameter of a cylinder or the chord length of an airfoil. 

In fluid mechanics, the Navier–Stokes equations degenerate into the Euler equations under inviscid conditions, while 
the Euler equations further degenerate into the potential flow equation under irrotational conditions. Compared with 
space-time coordinates, potential flow includes fundamental flow characteristics and exhibits a simpler relationship 
with inviscid and viscous flows. Meanwhile, the difficulty and computational cost of solving the potential flow 
equation are significantly lower than those of the Euler and Navier–Stokes equations, and analytical solutions are 
available for certain problems. Therefore, the solution of the potential flow equation 2 0   (  represents velocity 
potential) is employed to design the physical features. Specifically, the x -component pfu  and the y -component pfv  
of the velocity vector, together with the pressure pfp , are introduced into the inputs of FENN. 

We refer to FENN using geometric features as G-FENN, and FENN using physical features as U-FENN. When both 
geometric and physical features are used, it is referred to as GU-FENN. 

3. Results 

We validate the effectiveness of FENN by solving two forward problems and one inverse problem. The forward 
problems include: viscous incompressible flow around the NACA0012 airfoil and viscous compressible flow around 
the NACA0012 airfoil. The inverse problem involves reconstructing high-resolution velocity and pressure fields of 
viscous incompressible flow around a circular cylinder using sparse velocity data. We compare the performance of 
the conventional PINNs, PINNs with Fourier feature embedding [7] (referred to as FF-PINNs in this study), and FENN. 
For the hyperparameter   in FF-PINNs, we search for the optimal value for testing at intervals of 1 within the range 

[0,10]   recommended by the authors. The tanh activation function is employed, and the network parameters are 
initialized using Xavier normal initialization. The limited-memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) 
optimizer is adopted for training, with the maximum number of inner iterations per epoch set to 20. The feature 
networks contain 3 hidden layers with 20 neurons per layer and are trained for 1000 epochs. The study develops 
programs based on the PyTorch platform and executes the algorithm on an NVIDIA GeForce RTX 4090 GPU. Since 
neural network results are affected by random initialization, each experiment is repeated five times, and the mean and 
standard deviation are reported. 

3.1 Viscous incompressible flow around the NACA0012 airfoil 

We first solve the steady viscous incompressible flow around the NACA0012 airfoil, which is governed by the two-
dimensional incompressible Navier–Stokes equations. The Reynolds number is set to = 400Re , and the angle of 
attack is set to 5   . PINNs, FF-PINNs, and FENN are independently applied in solving the problem. In FF-PINNs, 
the hyperparameter 10  . All the networks contain 7 hidden layers with 64 neurons per layer. PINNs, FF-PINNs, 
and FENN are trained for 20000, 15000, and 10000 epochs, respectively. For more details, please refer to [13].  

Figure 2(a) and (b) show the comparison of the loss convergence among PINNs, FF-PINNs, and FENN. To evaluate 
the solution accuracy, the pressure coefficient 2 2( ) / [0.5 ( )]pC p p u v       on the airfoil is employed, where the 
reference solution is obtained using the finite volume method (FVM). The convergence history of the relative 2L  
errors of pC  for PINNs, FF-PINNs and FENN is shown in Figure 2(c). The vertical axis is plotted on a logarithmic 
scale for clarity. We observe that G-FENN, U-FENN, and GU-FENN exhibit similar performance and converge faster 
than PINNs and FF-PINNs. Table 1 summarizes the relative 2L  errors and wall times of the three methods after being 
trained for epochs listed in the table. A comparison of the wall times shows that G-FENN is 3.60 times faster than 
PINNs and 1.93 times faster than FF-PINNs. 

3.2 Inverse problem involving viscous incompressible flow around a circular cylinder 

Next, we test the performance of FENN in solving inverse problems. Solving inverse problems is a limitation of CFD 
methods, as they require extremely high computational cost [6]. In contrast, PINNs allow for convenient integration 
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of observed data, demonstrating significant advantages over CFD methods in solving such problems. We consider 
reconstructing high-resolution velocity and pressure fields for steady viscous incompressible flow around a circular 
cylinder based on sparse velocity data when boundary conditions are unknown, which is a standard inverse problem 
in fluid mechanics. The Reynolds number is set to = 40Re . We consider two cases where the number of observed 
data points is 20dN   and 100dN  . PINNs, FF-PINNs, and FENN are independently applied in solving the 
problem. In FF-PINNs, the hyperparameter 6  . All the networks contain 5 hidden layers with 64 neurons per layer. 
PINNs, FF-PINNs, and FENN are trained for 6000, 3000, and 2000 epochs, respectively. 

 
Figure 2 Comparison of the convergence history obtained by PINNs, FF-PINNs, and FENN for solving viscous incompressible 
flow around the NACA0012 airfoil. The curves and shaded regions represent the mean and two standard deviations. 

Table 1 Comparison of relative 2L  error and wall time of PINNs, FF-PINNs, and FENN for solving viscous incompressible flow 
around the NACA0012 airfoil. The mean and one standard deviation are reported. 

 PINNs FF-PINNs G-FENN U-FENN GU-FENN 

Epoch 10000 5000 2500 2500 2500 
Error (%) 4.03 0.59 3.39 0.53 2.55 0.29 3.52 0.55 3.12 0.23 

Wall time (min) 53.82 4.48 28.79 2.77 14.93 1.26 15.26 1.81 16.17 0.92 

Figure 3 shows the convergence history of PINNs, FF-PINNs, and FENN. We observe that FENN achieves lower 
errors than PINNs and FF-PINNs under 20dN  , demonstrating its capability to significantly improve the 
reconstruction accuracy of the flow field under extremely sparse data. In addition, G-FENN exhibits lower errors than 
U-FENN, possibly because the geometric features implicitly contain the boundary information of the cylinder, which 
is critical for reconstructing the flow field. As dN  increases to 100, the errors of the three methods become nearly 
identical. This is expected, as more flow field constraints are incorporated. Table 2 and Table 3 summarize the relative 

2L  errors and wall times of the three methods under 20dN   and 100dN  , respectively. When 100dN  , G-
FENN achieves a speedup of 3.65 over PINNs and 1.97 over FF-PINNs in terms of wall time. 

3.3 Viscous compressible flow around the NACA0012 airfoil 

In this section, we validate the effectiveness of physical features by solving steady viscous compressible flow around 
the NACA0012 airfoil, which is governed by the two-dimensional compressible Navier–Stokes equations. The 
Reynolds number is set to = 400Re , the Mach number is set to 0.7Ma  , and the angle of attack is set to 20   . 
In this flow condition, the flow exhibits separation induced by the large angle of attack. We solve the flow using 
PINNs and G-FENN. All the networks are constructed with 7 hidden layers, each containing 64 neurons, and are 
trained for 6000 epochs.  

Figure 4 illustrates the pressure coefficient on the airfoil obtained by PINNs and G-FENN. Clearly, the results of 
PINNs exhibit large discrepancies compared with the reference solution. In contrast, the results of the G-FENN show 
a small deviation from the reference solution. Furthermore, we plot the streamlines of the separated flow, as shown in 
Figure 5. We observe that the separation vortices obtained by the G-FENN are in good agreement with the reference 
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solution. To the best of our knowledge, this is the first time that a PINN-like method has successfully solved forward 
problem involving compressible viscous flow. 

 
Figure 3 Comparison of the convergence history obtained by PINNs, FF-PINNs, and FENN for solving the inverse problem 
involving viscous incompressible flow around a circular cylinder at 20dN   (top) and 100dN   (bottom). The curves and shaded 
regions represent the mean and two standard deviations. 

Table 2 Comparison of relative 2L  error and wall time of PINNs, FF-PINNs, and FENN for solving the inverse problem involving 
viscous incompressible flow around a circular cylinder at 20dN  . The mean and one standard deviation are reported. 

 PINNs FF-PINNs G-FENN U-FENN GU-FENN 

Epoch 3000 1600 800 800 800 
Error (%) 16.37 3.04 7.46 1.33 2.08 0.32 4.84 1.32 2.58 0.60 

Wall time (min) 18.51 1.42 10.26 0.98 5.07 0.53 4.95 0.35 5.10 0.25 

Table 3 Comparison of relative 2L  error and wall time of PINNs, FF-PINNs, and FENN for solving the inverse problem involving 
viscous incompressible flow around a circular cylinder at 100dN  . The mean and one standard deviation are reported. 

 PINNs FF-PINNs G-FENN U-FENN GU-FENN 

Epoch 3000 1600 800 800 800 
Error (%) 1.53 0.32 1.25 0.30 1.28 0.22 1.52 0.25 1.40 0.17 

Wall time (min) 17.24 1.13 9.30 0.69 4.72 0.39 4.81 0.30 4.89 0.29 

 
Figure 4 Comparison of the pressure coefficient on the NACA0012 airfoil obtained by various methods for solving viscous 
compressible flow over the NACA0012 airfoil. For clarity, we only plot the results of the first training. 
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Figure 5 Streamlines near the airfoil obtained by (a) FVM and (b) G-FENN for solving the compressible viscous flow around the 
NACA0012 airfoil. 

4. Conclusion 

In this study, we propose the feature-enhanced neural network to solve PDEs involving fluid dynamics. Geometric 
features and physical features are introduced in the inputs of PINNs, enabling FENN to learn the flow more easily. 
Consequently, the accuracy and efficiency of solving PDEs involving fluid dynamics are improved. The designed 
features offer the advantages of low computational cost and high relevance to the problem being solved. To prevent 
incorrect partial derivatives in FENN due to neglecting the partial derivatives of the features with respect to space-
time coordinates, we establish the feature networks to replace the features in the FENN inputs and train them offline 
in advance. The effectiveness of FENN is validated through solving forward and inverse problems involving different 
flow conditions. 
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Abstract. In search of e�cient PINN architectures to reconstruct temperature �elds from velocity vector data, we 

explore the usage of the dimensionless viscosity  as trainable parameter of a PINN model.

The results show that it improves the temperature reconstruction results. The estimation of the viscosity through the 

training can further be used as performance indicator, when an expected value is known.

1. Introduction
Since their introduction [1], physics-informed neural networks (PINNs) have been brought to a great 

variety  of  applications  [2].  The  particular  application  investigated  here  is  the  reconstruction  of 

temperature fields [3, 4], prospectively based on velocity measurements by particle image velocimetry 

[5] or particle tracking velocimetry [6, 7].

While this type of application is currently predominantly investigated for canonical flows, like Rayleigh-

Bénard convection, future applications to non-canonical flow problems pose questions regarding the 

non-dimensionalization of the Navier-Stokes equations. In this context, the dimensionless numbers, and 

especially the Rayleigh number , which sets the convective forcing in relation to diffusive forces, are 

often not clearly defined.

Hence, we examine whether  can be unknown to reconstruct temperature and pressure fields from sparse 

velocity fields. This also raises the question whether  can be reconstructed from the dimensionless 

viscosity  of the Navier-Stokes equations with adequate accuracy within the same process.

Vice versa, if prior knowledge of  exists, its reconstruction accuracy can be used as a performance 

indicator for the field’s reconstruction, which is investigated in the second part of the paper for different 

network architectures.

2. Use Case

The use case for the presented investigation is Rayleigh-Bénard convection inside a cubic enclosure. Its 

boundaries are no-slip walls. While the side walls are considered as adiabatic, the bottom and top faces 

are set to have constant temperatures  and , respectively.

Together with the respective quantities expressed in dimensional units (indicated by ), namely the 

gravitational acceleration , the thermal expansion coe�cient , the thermal di)usivity , the kinematic 

viscosity , and the height of the domain , the system becomes fully described by the Prandtl number  and 

the Rayleigh number .

By applying the Oberbeck-Boussinesq approximation, the resulting three-dimensional +ow is governed 

by the following set of partial di)erential equations, in which  is the pressure �eld:

 (1)

 (2)

 (3)

In order to evaluate the PINN performance against ground truth data, a direct numerical simulation of the 

+ow at and  were conducted (for details, see [4] or [5]). Figure 1 gives an impression of the resulting 
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turbulent +ow, with hot and cold plumes detaching from the bottom and top plates, respectively, which is 

visualised through a volume rendering of the +uid temperature.

Figure 1: Instantaneous volume rendering of the fluid temperatures 

in cubic Rayleigh-Bénard convection at Ra=108 and Pr=0.71. 

To emulate measured velocity ()  data,  the data provided to the PINN is interpolated at  randomly 

distributed  points.  Spatially,  Poisson  disk  sampling  [8]  is  employed  for  this  task.  In  contrast  to 

mimicking particle tracking data, these positions remain locked for the progression over the selected 

time steps, to avoid any leakage of spatial resolution. Related to the dimensionless parameters sample 

height H and free-fall time , the here examined sampling densities are  in space and  in time. To account 

for statistical +uctuations of the PINN method, each case is tested for three di)erent random samplings 

according to the aforementioned parameters, covering  at between  and  spatial locations, which is well 

within the limit achievable for a real experimental setup [5]. 

3. PINNs with trainable viscosity
PINNs are neural networks, which are set up to represent the function , where  is the totality of trainable 

parameters, including the trainable viscosity.

For the following investigation, we consider three different architecture types to pose as the function .

The first one is represented by sine-activated multi-layered perceptrons (MLPs) [9, 4]. They are a 

sequence of  dense layers with neurons each. Of these layers, the weights of the first one are initialised 

with a three-times wider distribution than the standard for sine-activated layers [9] to provide higher  

wavenumbers. This network type also includes a final linear dense layer which combines the  features of 

the of the penultimate layer to the 5 output fields [5].

The second architecture considered are modified Pirate-Nets (PNs) [10], which are an architecture based 

on residual  blocks with gating operations referring to shallow latent  features.  The here examined 

networks differ from the original publication in the following aspects: All layers are sine-activated.  

Therefore, the first layer, which originally acts as a fixed Fourier embedding, is implemented as the same 

sine-activated layer, with a wider weight initialization like for the MLP. The outputs of these networks 

are also combined by an additional linear layer, as in the MLP. This way, we isolate the effect of the  

introduction of the shallow-latent-feature layers incorporated by gating operations in the first two layers 

of each of the three-layer-wide blocks, the residual operation for the last layer of these  blocks, and the 

usage of random weight factorization layers [10] throughout the blocks.

The third and last considered architecture type is the Kolmogorov-Arnold network with Chebychev 

polynomials (cKANs), which was e.g. used by [6]. For this type of architecture, each layer first performs 

a non-linear (Chebychev polynomial of 5th degree) transformation for each of its inputs, before they are 

combined by summation. These networks are also specified by their number of layers  and neurons .
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For the present comparison, these networks were trained by an Adam optimizer with the learning rate ,  

with the combined loss function

(4)

, (5)

, (6)

. (7)

The data, sampled as described in section 2, is divided into batches of size 4096 for each training step. 

The losses  , , and  are simultaneously evaluated at the same number of collocation points, random-

uniformly sampled within the domain for each step. Regarding the trainable parameter , only gradients 

originating in  are considered for its optimization. Also random-uniformly sampled, 512 boundary point 

are generated on the faces of the cube for each step. On all faces, a mean-squared error (MSE) loss is  

computed for the wall-normal () and wall-parallel () velocity components. On the top and bottom faces, 

the temperature is  prescribed via  an MSE loss  ().  For  comparability,  all  investigated cases  cover  

optimization steps.

4. Rayleigh number reconstruction

Figure 2: Comparison of the fields of the temperatures T and convective heat fluxes wT for Rayleigh-Bénard convection at Ra=108. From 

left to right: Ground truth, PINN reconstruction with prescribed viscosity (MLP, Nn=256, Nl=10) and trainable viscosity for networks  

with 10 and 6 layers (Nn=256).

To investigate reconstruction-capabilities of the Rayleigh number, related to the trainable viscosity by , 

we focus on two exemplary runs for the ‘fine’ temporal and spatial sampling of the  case with an MLP 

with  and . Additionally, we regard a respective case with  without a trainable viscosity.

Figure 2 shows a central section of the respectively reconstructed temperature fields against the ground 

truth on the left. Overall, the PINNs are not able to reconstruct the features on all scales, due to the 

limited provided sampling density. However, with regard to the  cases, making  trainable actually  

improves the results from Pearson correlation coefficient of the temperature field from  to .  This 

improvement becomes especially pronounced in the field of the convective heat flux, for which the case 

with trainable viscosity produces a much better prediction in the region of the bottom left corner. With a 

reduced number of layers, see the  case, this effect prevails, while the deficit in small scale reconstruction 

increases due the reduced expressivity.

This shows that introducing  as a trainable parameter is beneficial, as it appears to open new training 

trajectories which lead to an improved reconstruction. Thereby, the predicted Rayleigh numbers of the 

AIFLUIDs 2026  •  S04 Physics-informed Models 114



Proceedings of the 2nd  international Symposium on AI and Fluid Mechanics

Paper No [leave blank]

two cases are  and  for  and , respectively. They are robust predictions, but indicate a systematic  

overprediction  of  the  viscosity  due  to  the  limitations  of  the  sampling  resolution  and  network 

expressivity.

5. Benchmarking
In this section, we explore the performance of the different network types with a trainable  on the 

sampling case described in section 2. For this, the metric of the Pearson correlation coefficient of the  

temperature field  is used. First, we consider the pure performance of the different models with respect to 

this metric. Second, we investigate whether the relative deviation of  can be used as a performance  

indicator when both  and Pr are known.

5.1. Model complexity  

Figure 3: Pearson correlation coefficient of the 

temperature field for different network architectures 

MLP, PN, and cKAN with varying numbers of layers Nl 

and neurons per layer NN, leading to different total 

numbers of trainable parameters Nθ. The error bars 

indicate the spread between minimum and maximum 

temperature correlation for 3 runs with different random 

samplings.

To investigate the effect of model complexity on performance, the architecture of the MLPs was varied 

in terms of the number of layers, , and neurons per layer, . For the PN, the number of blocks, , was varied 

for a prescribed layer width of . For the cKAN, the layer width was set to  with  as depths. 

Figure 3 shows the results of these benchmarks plotted over the total number of trainable parameters . It 

reveals  a  trend  for  all  network  types,  that  increasing  depth  improves  the  results,  however  with 

diminishing returns. For the MLPs, figure 3 further shows that, for a similar total trainable parameter  

count, the option with more but smaller layers appears to be more efficient. 

Comparing  the  different  network  types  with  each  other  renders  the  cKAN as  the  most  efficient 

architecture considering total parameter count, equalling the performance of significantly larger MLPs. 

The here used PNs lack in performance, which contradicts other investigations [10], and poses the  

question whether this is related to the specific use case or the modifications applied here.

Another overall trend is that very large, and especially deep, networks become overall harder to train. 

This shows in an increased variation of the results of the largest MLP, a small decline in the mean 

performance of the largest PN, and a complete loss of trainability for the largest cKAN.

While the number of trainable parameters is relevant for the memory requirements, figure 4 shows the 

performance indicator  of the different networks plotted over the expended wall time of the training on an 

Nvidia A100 GPU. In this regard, the multiplicative operations within PNs are especially expensive, 

which leads to them having the largest wall time requirements for training. The backpropagation for 

cKANs is also significantly less efficient compared to the one of MLPs, as their training requires wall-

times similar to MLPs with widths of  or , while having the parameter count equivalent to MLPs with a 

width of  Hence, within this comparison, MLPs are the most efficient option regarding the required wall 
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time and therefore also energy. Within the MLP category, narrower yet deeper networks generally yield 

better results for a given wall time.

Figure 4: Pearson correlation coefficient of the 

temperature field for different network architectures 

MLP, PN, and cKAN with varying numbers of trainable 

parameters plotted over the wall time expended for 106 

training steps (data point of one color vary in network 

depth). The error bars indicate the spread between 

minimum and maximum temperature correlation for 3 

runs with different random samplings.

5.2. Trainable viscosity as performance indicator  

For the cases considered in the previous section, we now also consider their trained viscosity value, in  

particular its relative deviation from the ground truth .

Figure 5 exhibits its relation to the Pearson correlation metric of the temperature reconstruction. It shows 

that there is a strong negative correlation between the two metrics for each individual network type.  

While the point clouds for MLPs and cKANs even overlap, the PN cases form a separate point cloud.  

This shows that the deviations of a trainable viscosity can be used as performance indicators, as long as 

no major changes on the network architecture occur. This can be explained by a better prediction of the 

viscosity requiring the network to render as many scales of the flow as possible correctly, which is also 

beneficial for the temperature reconstruction performance. 

Figure 5: Relative deviation of the trainable viscosity of 

the cases (single dots for every of the three random 

samplings) from section 5.1 plotted over their Pearson 

correlation coefficient for the temperature field. The 

different colors indicate the network type.

6. Conclusion and Outlook
We  have  shown  that  allowing  PINNs  to  train  the  dimensionless  viscosity  improves  temperature 

reconstruction results and yields robust Rayleigh number estimates. The subsequent benchmarking of 

sine-activated multi-layered perceptrons,  modified Pirate-Nets  and Chebychev-Kolmogorov-Arnold 

networks revealed that, of the three, multi-layered perceptrons and Kolmogorov-Arnold networks are 
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the most efficient for the task at hand. The former is especially efficient regarding wall-time, while the 

latter is especially efficient when it comes to parameter count and therefore memory usage.

It was also found that the estimation of the viscosity through training can itself function as performance 

indicator when the Rayleigh and Prandtl numbers are known. 

Future research directions include expanding to different temporal and spatial sampling densities, as 

well as incorporating additional network architectures.
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Data-Driven and Physics-Informed Graph Neural Networks for Flow Field Prediction in 

Two-Dimensional Channel Flows Featuring Bluff Body Obstacles 

1Alireza Rouhi*; 1Adrian Krämer; 1Carsten Mehring; 

1Institute of Mechanical Process Engineering, University of Stuttgart, Germany 

Abstract  

This study investigates the application of Graph Neural Network (GNN) models to predict pressure and velocity 

fields in laminar, steady channel flows containing obstacles of varying shapes, sizes, orientations and positions at 

different Reynolds numbers. The models are based on an EdgeConv message passing architecture with multilayer 

perceptrons (MLPs) and are trained using both data-driven and physics-informed loss functions. In the physics-

informed formulation, the conservation equations for mass and momentum are used in the loss formulation. The 

dataset was generated using the computational fluid dynamics (CFD) solver STAR-CCM+. After adjusting key 

hyperparameters, the models were trained with the objective of achieving robust generalization across the considered 

configuration space. The results show that the purely data-driven approach predicts velocity fields with high accuracy 

but has difficulties in predicting pressure fields. These issues are found to primarily origin from the higher variance 

in the pressure distribution. By shifting the global minimum in the pressure field to 𝑝 = 0 𝑃𝑎 in all cases, the 

prediction accuracy improves significantly. Further evaluation demonstrates that the data-driven model generalizes 

reliably to other Reynolds numbers in the laminar regime, although generalization across substantially different 

geometries remains a challenge. In the physics-informed model, two gradient approximation methods were employed 

instead of automatic differentiation, resulting in more accurate gradient predictions and significantly reduced memory 

usage. However, the physics-informed model did not show improved predictions. Instead, it increased computational 

cost, slowed training, and produced satisfactory results only on a simplified dataset, where the achieved accuracy 

was comparable to values reported in the literature. In contrast, the purely data-driven approach consistently 

outperformed the physics-informed model.  

 

Keywords: Graph neural networks, Physics-informed neural networks, Data-driven, Computational fluid dynamics, Fluid 

mechanics, Channel flow, Bluff bodies, Generalization. 
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Fidelity Scaling via Physics-Informed Graph Learning for Marine

Propeller Blades
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Keywords: Physics-Informed Machine Learning, Graph Neural Networks, Multi-Fidelity Modelling,
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Abstract. In the design optimization of complex geometries, high-fidelity simulations are often required to

accurately guide objectives and constraints, but their computational cost limits their use in large-scale design ex-

ploration. Lower-fidelity solvers and surrogate models enable broader exploration, but can lose accuracy for key

performance quantities, particularly in cavitation-sensitive regimes. This work addresses this trade-off with a

cross-resolution encoder-decoder graph neural network that learns the gap between low- and high-fidelity bound-

ary element method (BEM) simulations of marine propeller pressure fields. The blade surface is represented as a

graph using a UV parameterization derived from the structured BEM grid, which maps the 3D surface to a unit-

square parameter domain shared across resolutions. A graph convolutional encoder maps a coarse, non-cavitating

mesh to per-node latent embeddings. These embeddings are transferred to a finer cavitating mesh through a UV-

distance-based cross-attention mechanism, replacing heuristic interpolation with a geometry-aware, end-to-end

differentiable coarse-to-fine mapping. The model is trained and evaluated on approximately 366,000 graph sam-

ples spanning multiple propeller geometries and operating conditions, and accurately predicts cavitating pressure

distributions on the fine mesh. A data-efficiency study comparing the physics-informed variant, which uses the

low-fidelity wetted CPN
field as input, with a geometry-only baseline demonstrates that the physics-based prior

improves both sample efficiency and prediction accuracy.

1 Introduction

Design optimization of marine propellers requires repeated flow evaluations to steer objectives and con-

straints. Surface pressure distributions are particularly important because they determine blade loading

and indicate cavitation behaviour, directly relevant for performance, vibration, noise, and erosion risk.

High-fidelity simulations provide accurate predictions but are computationally prohibitive for large-scale

design exploration, while lower-fidelity solvers sacrifice accuracy in cavitation-sensitive regimes. This

motivates learning the gap between fidelity levels rather than replacing the solver outright. The model

presented here predicts the fine-resolution cavitating pressure coefficient Ccav
PN

from the coarser wetted

field Cwet
PN

, both computed with the BEM solver PROCAL [1]. Two gaps are bridged in a single forward

pass: a physical-model gap (non-cavitating to cavitating BEM) and a resolution gap (coarse to fine panel

mesh), whereby the fine-grid cavitating calculations acts as a proxy for high-fidelity flow solutions.

This problem is informed by several recent works spanning the two fidelity gaps. On the physical-model

side, low-fidelity pressure prior from panel methods have proven valuable on surface meshes for lift-

ing bodies: boundary GNNs for 2D airfoils [2] use inviscid pressure to substantially reduce model and
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training-set size, VortexNet [3] applies related ideas to 3D Delta wings, and a similar prior has been ap-

plied to propeller cavitation impact-loading [4]. On the resolution side, multiscale GNN message passing

[5] bridges coarse and fine meshes via graph pooling, but without a physical-model prior. Neural opera-

tor methods more broadly, such as DeepONet [6], and transformer-based operators [7], have established

that decoders can be queried at arbitrary spatial locations independent of training resolution, a principle

adopted here through a cross-attention formulation [8] tailored to the structured panel-mesh setting.

The proposed architecture combines a graph convolutional encoder [9] on the coarse panel mesh with

a cross-attention decoder queryable at arbitrary UV coordinates on the fine mesh. Coarse nodes act as

fixed physical anchors carrying Cwet
PN

as a per-node physics prior, and the attention mechanism is given

by a geometric kernel in UV space rather than a learned dot product. The shared UV parameterization

enables decoder queries at arbitrary surface locations without heuristic interpolation, while the structured

panel mesh provides the graph connectivity used by the encoder. The main aims are to assess whether

such a cross-resolution GNN can accurately learn the BEM fidelity gap, and to quantify how the physics

prior affects data efficiency.

2 Physical Modelling & Dataset

The data are obtained with PROCAL [1], a potential-flow BEM solver for marine propeller analysis. For

each operating condition, two paired simulations define the input and target fields: an unsteady, non-

cavitating solution on a coarse blade-surface grid (51× 19 = 969 nodes), and a cavitating solution on a

finer grid (81× 31 = 2,511 nodes). The quantity of interest is the pressure coefficient,

CpN =
p− pref
0.5ρn2D2

, (1)

where p is the local blade-surface pressure, pref the static upstream pressure, ρ is the fluid density, n is

the rotational speed, and D is the propeller diameter. The wetted coefficient Cwet
PN

serves as a physics-

based input feature, while the cavitating coefficient Ccav
PN

defines the target field.

A dataset is constructed using a nested Latin Hypercube Sampling (LHS) plan comprising 6000+ pro-

peller variants reminiscent of the F-series propeller [10] with 30 geometric degrees of freedom. The

propellers are evaluated at three advance coefficients J = Vs(1 − w)/nD, as a function of the mean

pitch P/D, with VS as the ship speed and w the effective wake factor due to an assumed non-uniform

inflow. The latter follows from stock inflow wake fields, assigned to each propeller via a binning func-

tion in one LHS entry, with the σN ∈ [1.1, 1.9] varied in five steps. Each operating condition is sampled

over one full propeller revolution at 6◦ angular increments, giving 60 instantaneous blade positions. The

non-uniform ship wake causes the blade inflow to vary with angular position, so each snapshot is treated

as an independent graph sample [4]. The dataset contains approximately 366,000 total graph samples

spanning multiple propeller geometries and operating conditions, partitioned into fixed training (75%),

test (15%), and holdout (10%) sets.

3 Model Architecture

The coarse blade surface is represented as a graph G = (V, E) whose nodes are the wetted mesh points.

The 3D surface is parameterised by a UV mapping derived from the structured BEM panel grid that un-

folds the blade onto [0, 1]2, as shown in Figure 1. Here, i and m index chordwise points, j indexes span-

wise sections, I and J denote the number of chordwise and spanwise points, and p
(j)
i = (Xij , Yij , Zij)

is the corresponding 3D point position. The chordwise coordinate u is defined by cumulative arc length

along each spanwise section,
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(a) Coarse, wetted grid and UV (b) Fine, cavitating grid and UV

Figure 1: 3D blade geometries with shared UV parameterization, coarse encoder & fine decoder grids.
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∥
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p
(j)
m − p

(j)
m−1

∥

∥

∥

2

, u
(j)
0 = 0, (2)

The spanwise coordinate v is obtained from the mean radial position of each section,

v(j) =
r̄j − r̄0

r̄J−1 − r̄0
, r̄j =

1

I

I−1
∑

i=0

√

Y 2
ij + Z2

ij , (3)

where r̄j is the mean radius of spanwise section j. The structured panel grid is exploited in two ways.

The panel indices give graph connectivity via connected adjacency (chordwise, spanwise, and diagonal

neighbours), and the arc-length parameterization defined by Eqs. 2 and 3 unfolds the blade into a 2D

parameter domain shared across resolutions. The cross-attention kernel operates on this 2D domain,

eliminating the through-blade shortcut that a 3D Euclidean kernel would introduce near the tightly spaced

leading edge and thin trailing edges, where suction- and pressure-side panel points lie close in 3D but

are separated along the surface.

The encoder consists of four graph convolutional layers with residual skip connections, progressively

widening from the input dimension to the latent size. For node i at layer ℓ,

h
(ℓ+1)
i =

∑

j∈N (i)∪{i}

1
√

d̃id̃j

W(ℓ)h
(ℓ)
j +W

(ℓ)
skiph

(ℓ)
i , (4)

where d̃i is the node degree. Graph normalisation, ReLU, and dropout are applied between layers. The

model is additionally conditioned on global operating condition quantities g = [σn, JA, J, JR, s70]
T ,

being the cavitation number, apparent advance coefficient, advance coefficient (effective inflow), rotative

advance coefficient, and slip ratio at 70% radius. These are mapped through a small MLP to the graph-

convoluted embedding space,

h′
i = hi + s, s = MLPscalar(g) (5)

The decoder transfers information from the coarse encoder to the fine mesh through a modified cross-

attention operation. In the standard transformer formulation [8], attention weights are derived from

learned query and key projections. Here, we replace the learned score with a geometric distance kernel

computed directly in UV space. For each decoder query point udec
j and encoder node uenc

k , the attention

weight is,

αjk =
exp(−Djk/τ)

∑Nc

m=1 exp(−Djm/τ)
, Djk =

∥

∥

∥
udec
j − uenc

k

∥

∥

∥

2
, (6)
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(a) MSE (b) MAE (c) R2

Figure 2: Data efficiency: Model-B (with Cwet
PN

prior) vs. Model-A (geometry only).

where τ controls the kernel’s locality and Nc is the number of coarse encoder nodes. Queries are decoder

UV positions udec
j , keys are encoder UV positions uenc

k , and values are the conditioned encoder embed-

dings h′
k. With τ = 0.01 held fixed during training, each query’s effective support concentrates on its

nearest coarse anchors in UV, tightening near the leading edge. The softmax retains nonzero weight on

every anchor, giving each query access to the full coarse mesh rather than a fixed local neighbourhood.

The result is a geometry-aware, bounded, differentiable interpolation mechanism whose locality is set by

τ rather than learned projections, with context vector and final prediction given by,

Ĉcav
pN (u, v) = MLPdec ([c(u, v) || u, v]) , c(u, v) =

Nc
∑

k=1

αk(u, v)h
′
k. (7)

Since the attention weights are computed from UV coordinates during the forward pass rather than from

a fixed graph topology, the decoder is not tied to the training mesh resolution. Queries can be placed at

arbitrary surface locations, making the architecture discretisation independent on the output side while

retaining the inductive bias of a structured graph encoder on the input side. The model has approximately

76k parameters and is trained with MSE loss using AdamW (LR=10−3, weight decay 10−4, gradient

clipping).

4 Results and Discussion

Two models are compared. Model-A is a geometry-only baseline using node positions and scalar con-

ditioning, with no access to the low-fidelity pressure field. Model-B additionally receives Cwet
PN

as a

per-node input feature. Both share the same architecture and are trained at variable data fractions to

assess efficiency. The benefit of the physics-informed variant is evident from Figure 2. The wetted field

provides a spatially resolved hydrodynamic prior across the blade surface: in non-cavitating regions,

Cwet
PN

is essentially the target up to a small correction, so Model-B effectively learns the cavitation per-

turbation rather than the full pressure field. This reduces the data required to reach a given accuracy,

in line with the broader finding that surface-pressure priors substantially improve data efficiency for

graph-based pressure prediction [2, 4].

To test generalisation, both models, trained on 50% of the total training partition, are evaluated against the

unseen holdout set. Figure 3 shows chordwise CPN
distributions at three radial sections for two holdout

samples. Model-B predictions closely follow the target Ccav
PN

, while Model-A shows larger deviations,

particularly in sensitive cavitation and pressure peak regions of the blade. Figure 4 shows suction-side

views of the blade and the corresponding CpN surface distributions for the same holdout samples. In

sample 2510, the distinction between Model-A and Model-B is particularly clear, where Model-B better

preserves the low-CpN radial distribution across the blade leading edge, whereas Model-A smooths it

over. This indicates that the wetted-pressure prior helps the model recover spatially localised pressure

Proceedings of the 2nd International Symposium on AI and Fluid Mechanics
Paper No [ ]

AIFLUIDs 2026  •  S04 Physics-informed Models 122



(a) Holdout Sample 1100

(b) Holdout Sample 2510

Figure 3: Chordwise CPN
at three radial blade sections (0.5, 0.7 & 0.9 r/R) for Model-A, Model-B and

Cwet
PN

vs. target Ccav
PN

on two individual holdout sample cases, shown in the UV reference frame.

features. In addition, accuracy of predicted integral quantities, such as KT or KQ, are assess on the hold-

out set. The architecture does not incorporate a dedicated scalar prediction head for integral quantities,

instead, direct numerical integration of the predicted pressure fields are performed, Figure 5, shows the

integrated KT predicted by the models on a subsample of the holdout set, compared against the wetted

and cavitating reference results obtained by the same surface integral. Based on R2 and MAE, Model-B

shows substantial improvements in accuracy.

5 Conclusion and Future Work

A cross-resolution graph neural network for fidelity-scaling across physical-model and resolution gaps in

cavitating pressure prediction on marine propeller blades has been presented. The UV parameterization

derived from the structured BEM panel grid supplies both a connected encoder graph and a surface-

intrinsic metric for a cross-attention operator, enabling direct information transfer between coarse and

fine resolutions without heuristic interpolation. The data-efficiency study confirms that physics-informed

features (the low-fidelity wetted pressure) substantially improve accuracy and reduce training require-

ments compared to a geometry-only baseline. The approach extends an earlier feasibility study [4] by

replacing k-NN-based upsampling with a UV cross-attention decoder, and by scaling to a larger dataset

spanning multiple propeller geometries. The methodology presented here generalises to any panel-mesh

BEM code whose output could serve as a physics-based prior. Future work aims to scale the method to

higher-fidelity targets, such as URANS-derived pressure fields from full self-propulsion simulations.
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(a) Holdout Sample 1100

(b) Holdout Sample 2510

Figure 4: Suction side view of the CPN
surface distributions over the blade for two holdout set predic-

tions. Left: Target Ccav
PN

, middle: Model-B predictions, right: Model-A predictions

(a) Model-A (b) Model-B

Figure 5: Comparison of integrated KT from Model-A, Model-B, and the wetted reference against the

target cavitating value KTTrue
on the hold-out subset.
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Abstract. Understanding turbulence is crucial for studying gas-dust dynamics in planet forming disks, yet re-
solving small-scale structures remains computationally expensive. To address this challenge, we employ a hybrid
simulation framework that couples a coarse resolution fluid solver with a convolutional neural network to model
unresolved dynamics during time integration. The network operates on solver outputs and is trained in a solver-in-
the-loop setting, in which a differentiable fluid solver is integrated directly into optimisation, enabling end-to-end
training against downsampled high-resolution direct numerical simulations. To improve long-term predictive per-
formance, the model is trained on extended temporal rollouts. The framework has previously been evaluated on 2D
homogeneous isotropic turbulence, where training on extended rollouts significantly improved long-term accuracy.
Our main contribution is the introduction of a multi-step input framework in which the neural network receives both
the post-solver state and velocity fields from previous timesteps. We show that this modification allows the model
to be trained with shorter rollout lengths while surpassing the baseline model in terms of mean squared error. We
further demonstrate that this modification, not only enables faster computation time and memory usage, but also
preserves the ability to reproduce key statistical properties of the turbulence.

1 Introduction

Planet-forming disks are rotating thin disks around young stars, composed primarily of gas and a small
fraction of dust particles that eventually coagulate and grow to form planets. Observations indicate that
these disks are turbulent [1, 2], and this assumption is commonly incorporated into disk models, where
turbulence drives angular momentum transport [3] and/or particle diffusion [4, 5]. Provided that these
protoplanetary disks span astronomical length scales, direct resolution of all turbulent scales is compu-
tationally prohibitive. As a result, disk models rely on approximations. In particular, one often models
disks in 2D, while local dynamics are often studied using a small box compared to the disk size [6].
However, integrating the complex behaviours captured in these local simulations into larger scale mod-
els remains challenging. Attempts to bridge this gap include implicit large eddy simulations (ILESs)
[7], yet convergence to direct numerical simulations (DNSs) still requires high resolution. These results
highlight the need for better models of small scale turbulence.

In parallel, data-driven methods have emerged as a promising approach for modelling fluid systems at
reduced computational cost. However, turbulence modelling remains challenging due to its inherently
multiscale nature, and existing approaches often struggle with generalisation and long-term stability. To
address this, a growing body of work leverages differentiable physics frameworks [8] to incorporate
physical structure into learning-based models [9–12], leading to improved accuracy and stability. Nev-
ertheless, these approaches remain computationally expensive, particularly for 2D and 3D settings, due
to the cost of gradient backpropagation through long rollout trajectories.

In this work, we build on prior approaches based on differentiable physics to develop a hybrid framework
that combines machine learning with established numerical methods. Our goal is to construct efficient,
data-driven turbulence models for planet-forming disks. While previous studies often used only the solver
output as input of the neural network, we additionally provide velocity fields from previous timesteps.
This provides more comprehensive temporal and dynamical information, enabling the use of shorter
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rollout lengths during training while maintaining performance comparable to baseline models, and thus
improving training efficiency.

Within this paper, section 2 presents the methodology used to construct our framework, section 3 discusses
on the result obtained, and in section 4 we summarise our finding.

2 Methodology

2.1 Background

Focusing on the small scales of a planet-forming disk, we assume the flow to be incompressible [13].
The flow is governed by the Navier-Stokes equations as follows,

∂u
∂t

+ (u · ∇)u = −
1

ρ
∇p+

1

Re
∇2u + f; (2.1)

∇ · u = 0, (2.2)

where u = [u, v]T is the 2D velocity field of the fluid, and ρ, p and Re denote the fluid’s uniform density,
pressure, and Reynolds number, respectively. The additional forcing term f that sustains the fluid at a
statistically steady state includes a term that inject energy at wavenumber kf = 4 and a linear friction
term with dissipation coefficient αdiss = 0.1 that prevents energy accumulation at large scales.

We consider homogeneous, isotropic turbulence (HIT) in periodic boundary conditions, which serves as
a simplified assumption for turbulence in planet-forming disk. Due to the direct cascade, the number of
degrees of freedom required to fully resolve 2D turbulence scales linearly with the Reynolds number. In
the context of planet-forming disk, where Re ∼ O(1014), fully resolving all turbulent scales is compu-
tationally infeasible. Consequently, DNSs of planet-forming disk use an effective viscosity compatible
with the grid resolution. In our experiment, we set Re = 1000, for which turbulence is fully resolved on
a 2048× 2048 grid.

2.2 Hybrid CNN-Solver Framework

We define P as one time-step of the coarse differentiable solver of equations (2.1) and (2.2). A CNN
fθ, with trainable parameters θ, is used to predict a correction term accounting for unresolved subgrid
effects. The corrected hybrid update of the velocity field at time t + 1, ut+1, is computed from ut and
velocity fields from previous timesteps ut−1, · · · , ut−p as:

ut+1 = P(ut) + fθ(P(ut), ut, ut−1, · · · , ut−p), (2.3)

Unlike the baseline model [9] which uses only the post-solver state as input to the CNN, ut+1 = P(ut)+
fθ(P(ut)), our formulation (2.3) also includes ut, ut−1, · · · , ut−p in the network input. This augmented
input is intended to provide temporal context through past states while retaining information about the
solver dynamics through the post-solver state.

Key design choices of the framework are as follows:

Numerical Solver. We use the jax-cfd code, a finite-volume solver on a regular staggered grid, as the
backbone P of our framework. A grid-based solver is chosen for consistency with most astrophysical
fluid codes. The framework operates on a 64 × 64 grid, corresponding to a downsampling factor of 32
relative to the DNS reference simulation. Further details on the numerical schemes, see Appendix 1 of
[9].
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Architecture of CNN Corrector. The correction operator fθ is parameterized by a lightweight CNN
with periodic padding, consistent with the solver step. In the baseline architecture [9], fθ : R64×64×2 →
R
64×64×2 is a six-layer CNN acting on a two-channel velocity field. Each hidden layer consists of a

convolution of channel size 64, batch normalization and a ReLU activation unit.

For the multi-step input variant, we stack the velocity fields from successive time-steps along the chan-
nel dimension, so that the input becomes [P(ut), ut, ut−1, · · · , ut−p] ∈ R

64×64×2(p+2). In some experi-
ments, we keep the baseline architecture unchanged in order to isolate the effect of enlarging the temporal
input alone and enable a direct comparison with [9]. In other experiments, we additionally increase the
number of kernels in the first convolutional layer, using 128 kernels instead of 64, in order to increase the
number of learnable parameters and provide the model with more capacity to exploit the richer multi-step
input.

2.3 Solver-in-the-loop Training

Building on the solver-in-the-loop training strategy proposed by [14], we integrate the differentiable fluid
solver directly into the training process. This allows the neural network to learn over an extended temporal
horizon, strongly improving its stability and long term predictive performance.

Let {uref
t,i}

i=1,··· ,M
t=1,···N−T+1 denote a collection of M independent high-resolution trajectories sampled at dis-

crete times of temporal length N . We introduce a downsampling operator D mapping the DNS state to
the coarse state space. The training loss is defined as an a posteriori Mean Square Error (MSE) between
model predictions and the downsampled DNS states,

L(θ) =

M∑

i=1

N−T+1∑

n=1

n+T−1∑

t=n

∥upred
t,i −D(uref

t,i)∥
2
F , (2.4)

where T is the number of unrolled time-steps seen by the neural network per optimisation step and
{upred

t,i }t=n...n+T−1 are recursively computed from the initial state D(upred
t,i ) using (2.3). The tight cou-

pling between the fluid solver and the neural network necessitates the use of a differentiable solver.

We used a set of M = 28 simulations for training, and 4 simulations for validation. Each simulation is
initialised from a random white-noise velocity field, evolved to tsim = 40 to reach a statistically steady
state, and then run for an additional N = 500 timesteps. Training samples are obtained using a sliding
window of length T + 1 along the temporal dimension, where the first timestep provides the initial
conditions and the remaining timesteps serve as targets. This adds up to around 13,000 samples. Model
parameters are optimised using a standard Adam optimizer with a fixed learning rate of 10−4 and a batch
size of B = 64. All models are trained for 400 epochs. We note that T has to be increased progressively
to maintain training stability.

3 Results and Discussion

To evaluate the framework, we performed rollouts over 3000 timesteps using 10 initial velocity fields
not seen during training. We compare several models: a baseline CNN using only the post-solver state
as input, trained with rollout lengths of T = 32 (denoted T32), same CNN trained over T = 16 (denoted
T16) and our proposed framework, (2.3), with p ∈ [0, 4], trained with T = 16 (denoted T16_p0-4).
As previously mentioned, for this set of experiments we keep the baseline architecture unchanged to
isolate the effect of incorporating more temporal information. Additionally, for p = 3 and p = 4, we
compare the results with a larger model by increasing the number of kernels in the initial layer to 128,
this configuration is denoted by an additional subscript L (T16_p0-4_L). We also report results from
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downsampled high resolution DNSs as reference, and corresponding uncorrected low resolution DNSs
initialised with the same velocity fields.

3.1 Mean Squared Error

As our training objective is to match the framework output to fully resolved DNS data, we compare the
normalized MSEs. In Figure 1, we overlay the MSEs evaluated on training and validation sets at the last
epoch 400 for the different models. We also compare MSEs across different time horizons between the
models and the reference. The results are reported in Table 1.

Figure 1: One-step normalized MSE loss at
epoch 400 of the different models on training and

validations sets.

Model 100 500 1000

T16 1.85× 10
−4

0.0117 0.374

T32 2.14× 10
−4

0.0159 0.48

T16_p0 2.95× 10
−4

0.0307 0.688

T16_p1 1.40× 10
−4

0.0073 0.216

T16_p2 2.25× 10
−4

0.0256 0.532

T16_p3 1.44× 10
−4

0.0078 0.254

T16_p4 1.89× 10
−4

0.0207 0.44

T16_p3_L 1.28× 10
−4

0.0070 0.265

T16_p4_L 1.22× 10
−4

0.0073 0.252

No Corr 9.39× 10
−3

0.29 1.02

Table 1: MSE at selected timesteps, averaged
over the test set.

Figure 1 also shows the one-step MSE loss at the end of training for each model trained with T = 16.
The results indicate that increasing the number of velocity states from previous timesteps leads to a lower
training loss after a fixed number of epochs. All hybrid frameworks outperform the uncorrected low
resolution DNS by order of magnitude. We find that, compared to T32, the T16 model already provides
a strong representation of the turbulent flow. The slight degradation observed for T32 may be due to
the model primarily learning mean-flow dynamics rather than dynamics at more local scales. For our
proposed framework with the baseline architecture, 2.3, we find that T16_p1 yields the best MSE perfor-
mance and improves upon the baseline T16 model, suggesting that incorporating temporal information
enhances the model’s ability to capture temporal dynamics more effectively. We further find that, with
larger number of previous states p in the input, the larger model outperforms the baseline architecture,
indicating that additional learnable parameters improve the representation of temporal patterns.

3.2 Turbulence statistics

Maintaining pointwise correlation in a chaotic system such as turbulence is inherently unrealistic beyond
short timescales. It is, therefore, more meaningful to evaluate statistical properties of the flow. We
compute the energy spectrum, structure functions, and vorticity probability density functions (PDFs)
over the regime where the framework has decorrelated from the reference DNS. Figure 2 shows the
corresponding logarithmic errors in the energy spectrum and the fourth-order velocity structure function
relative to the reference statistics, while Figure 3 presents the vorticity PDFs at different scales.

We find that power law behaviour of the energy spectrum and velocity structure function is already well
captured with relatively simple models, and the T16 models are already sufficient in reproducing statis-
tics comparable to reference DNSs. Furthermore, for applications where the structure functions are key,
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including previous timesteps as additional inputs shows clear improvements. However, when more than
2 previous states are included, the baseline architecture lacks the complexity to fully represent the addi-
tional temporal information, leading to degraded performance. A larger CNN is hence needed for further
improvement. For applications to planet formation, where the vorticity PDF is decisive, our framework
shows a clear improvement when 2 previous timesteps are considered (T16_p2).

(a) (b)

Figure 2: (a) Log difference in energy spectrum over wavenumber k and (b) log difference in
fourth-order velocity structure function over cell separation ∆x relative to the reference statistics

averaged between 2500 and 3000 timesteps across 10 independent simulations.

Figure 3: Vorticity PDFs at grid separation 1∆x, 5∆x and 20∆x respecitvely, averaging between 2500
and 3000 simulation timesteps, over 10 independent simulations.

3.3 Computation Time

Training with rollout lengths of T = 32 requires 12 hours over 400 epochs, whereas reducing the rollout
length to T = 16 lowers the training time to 7 hours, while maintaining performance comparable to the
T32 model. Moreover, by reducing the resolution and including the CNN, we achieve a speedup of 40×
compared to fully resolved DNS, despite a 4× increase in computing time compared to the uncorrected
low resolution simulation.

4 Conclusion

In conclusion, we build on prior work leveraging differentiable physics to develop a hybrid framework
that combines a grid-based numerical solver with a convolutional neural network to model turbulence
accurately at reduced computation cost. By providing the network with velocity fields from previous
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timesteps, we incorporate additional temporal information that improves training efficiency, while repro-
ducing statistical properties of turbulence comparable to reference data. We further show that the rollout
length during training can be reduced by a factor of two without significant degradation in performance,
substantially lowering the overall training cost. However, our results also suggest that larger network ar-
chitectures may be required to fully exploit the increased complexity introduced by additional temporal
inputs. These findings highlight the potential of hybrid solver-CNN frameworks for developing turbu-
lence models in astrophysical fluid dynamics. Future work will investigate the dynamics of particles
evolving within the predicted turbulent flow.
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Abstract. Near-wall turbulence in boundary layers is governed by extremely small-scale eddies

that are primarily responsible for shear stresses exerted on the wall. Directly resolving these

structures at high Reynolds numbers is computationally intractable, making near-wall modeling

essential for practical simulations. Among the various modeling approaches, the Equilibrium

Wall Model (EWM) is widely used due to its simplicity, but it relies on restrictive assumptions

such as local equilibrium and statistical stationarity, providing only mean flow quantities and

failing to reproduce the correct spatial organization and statistical distribution of the wall stress,

leading to poor prediction of extreme events. In this work, we leverage Denoising Diffusion

Probabilistic Model (DDPM) trained on Direct Numerical Simulation (DNS) data to augment

EWM predictions by reconstructing the unresolved near-wall dynamics. A physics-guided

strategy is employed to enforce consistency with DNS cross-correlation coefficients, ensuring

physically consistent predictions. Unlike conventional deterministic approaches, the proposed

enhanced wall model captures fluctuations, intermittency and rare extreme events, providing a

more realistic and comprehensive description of near-wall turbulence dynamics.

Keywords: wall turbulence, Diffusion Model, turbulent boundary layer

1. Introduction

Accurate simulation of wall-bounded turbulent flows is a cornerstone of aerospace engineering,

where reliable prediction of wall-shear stress and heat flux is essential for assessing drag, ther-

mal loads, and structural integrity. At high Reynolds numbers, however, resolving near-wall

turbulence through Direct Numerical Simulation (DNS) becomes computationally intractable

due to the extreme spatial and temporal resolution required [1]. Large Eddy Simulation (LES)

alleviates this burden by modeling the smallest turbulent scales, but the near-wall region still

remains prohibitively expensive to resolve. As a result, Wall-Modeled LES (WMLES) has

emerged as a practical approach for simulations at engineering-relevant conditions [2].

Among wall-modeling strategies, Equilibrium Wall Models (EWM) are widely adopted be-

cause of their simplicity and computational efficiency. These models estimate wall-shear stress

from outer-flow velocity using simplified assumptions such as local equilibrium and statistical

stationarity. While effective for predicting mean quantities, they fail to capture the complex,

1
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multi-scale, and stochastic nature of near-wall turbulence when applied to instantaneous fields.

Consequently, EWM predictions exhibit unrealistic spatial organization, damped fluctuations,

and poor representation of intermittent extreme events, which are often critical in engineering

applications [3].

In recent years, the growing availability of high-fidelity datasets has motivated the applica-

tion of machine learning (ML) techniques to turbulence modeling. Supervised ML approaches

have been successfully employed for wall modeling, often improving predictive accuracy over

classical methods. However, these approaches are typically formulated as deterministic in-

put–output mappings, which limits their ability to represent the intrinsic variability, intermit-

tency, and multi-scale dynamics of turbulence. Furthermore, they generally lack mechanisms

to enforce physical consistency, thereby reducing their robustness and generalizability [4].

On the contrary, generative models offer a fundamentally different paradigm by learning full

probability distributions rather than deterministic mappings. In particular, Denoising Diffu-

sion Probabilistic Models (DDPMs) [5] have recently demonstrated remarkable capabilities in

modeling complex, high-dimensional data and have shown promising results in various fluid-

dynamics applications [6]. In this work, we propose a stochastic, physics-guided wall-modeling

framework based on DDPMs trained exclusively on high-fidelity DNS data. The model is em-

ployed to augment EWM predictions by reconstructing unresolved near-wall dynamics, includ-

ing small-scale fluctuations and intermittent extreme events. Physical consistency is enforced

during generation through guidance based on DNS-derived cross-correlation statistics between

wall-shear stress and outer-flow velocity fields. Further details of the proposed methodology

are provided in the following section.

2. Methodology

First, a high-fidelity dataset composed of 100 uncorrelated two-dimensional snapshots of wall-

shear stress was generated from Direct Numerical Simulation (DNS) of a turbulent channel flow

at friction Reynolds number Reτ = 1000 using the fluid solver CaNS [7]. The corresponding

low-fidelity dataset was then obtained using the Equilibrium Wall Model (EWM), where wall-

shear stress is reconstructed from streamwise velocity fields sampled at wall-normal locations

in the range y+ = [10, 200]. Here, y+ = y/δv denotes the wall-normal distance in wall-

units, with δv = ν/uτ the viscous length scale, uτ the friction velocity and ν the kinematic

viscosity. Although computationally efficient, EWM is intrinsically designed to predict mean

quantities only. When applied to instantaneous fields, its deterministic formulation, τw = f(u),
enforces a direct mapping between the sampled outer-flow velocity and the wall response. As

a consequence, the predicted wall-shear stress inherits the spatial organization of the outer flow

rather than reconstructing the true near-wall dynamics, as shown in Figure 1a. This results in

strongly damped fluctuations and thus the inability to capture rare but critical extreme events

(Figure 1b). Moreover, EWM imposes unrealistically strong correlations between wall-shear

stress and velocity fluctuations, in contrast with DNS observations where such correlations

progressively weaken with increasing wall-normal distance, reflecting the stochastic and multi-

scale nature of turbulence (Figure 1c).
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Figure 1. (a): qualitative comparison between wall shear stress prediction provided by EWM and DNS.

Highlighted the points which have the max correlations with the local wall-shear stress represented.

(b) Probability Density Functions (PDFs) of wall shear stress by DNS (black dashed line) and EWM

predictions computed from y+ = 30 (red), 60 (green), 120 (blue), 200 (orange). (c) Cross-correlation

coefficient between τ ′w and u′ sampled at different matching location as in (b). Black-dashed line repre-

sent the perfect cross-correlation of EWM. τ+w = τw/⟨τw⟩

A natural strategy to augment EWM predictions would consist in training a Denoising Diffusion

Probabilistic Model (DDPM) to directly map low-fidelity EWM inputs to statistically equiva-

lent high-fidelity DNS outputs. However, such an approach is highly sensitive to distribution

shifts. Indeed, EWM predictions computed from different wall-normal locations exhibit signif-

icantly different statistical distributions (Fig. 1b); consequently, a model trained on low-fidelity

inputs obtained at a specific sampling location may generalize poorly when applied to EWM

predictions generated from substantially different wall-normal positions. To overcome this lim-

itation, we follow the strategy proposed by Shu et al. [6] and train the DDPM exclusively on

high-fidelity DNS data. In this configuration, the model learns the probability distribution of

wall-shear stress fields and generates statistically consistent samples through a Markovian dif-

fusion process starting from Gaussian noise xT ∼ N (0, I).
The reconstruction of high-fidelity fields from low-fidelity EWM inputs is then achieved through

a guided generation procedure. First, a controlled amount of Gaussian noise is added to the

EWM samples using the same forward diffusion process adopted during DDPM training. This

preprocessing step shifts the different EWM distributions toward the distribution of an inter-

mediate diffusion state xt with 0 < t < T , reducing the mismatch between inputs associated
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with different wall-normal sampling locations. The resulting partially noised EWM sample is

then used as the initial condition for a truncated reverse diffusion process, which progressively

reconstructs the denoised field x0. In this way, residual information from the original EWM

prediction is retained and used to guide the generation. Although EWM fails to reproduce

small-scale fluctuations and intermittency, it still provides a reasonable estimate of the mean

wall-shear stress, which acts as a physically meaningful constraint during reconstruction.

To further enforce physical consistency, a Bayesian posterior guidance strategy is introduced

during the reverse diffusion process [8]. Specifically, depending on the wall-normal sampling

location associated with the EWM input, the generation is constrained to reproduce the spatial

cross-correlation coefficients between wall-shear stress fluctuations, τ ′w, and velocity fluctua-

tions, u′, extracted from DNS data (Equation 1).

Rτ ′,u′(∆x) =
⟨τ ′w(x, z), u

′(x−∆x, z)⟩

στσu

(1)

This guidance ensures that the generated samples maintain physically realistic correlations with

the outer-flow velocity field, overcoming the artificial perfect correlation imposed by determin-

istic wall models. As a result, the proposed framework reconstructs wall-shear stress fields with

statistically consistent distributions, including intermittent and localized extreme events, while

preserving physical consistency with the underlying turbulent dynamics.

It is worth mentioning that, to address memory constraints and enable scalable deployment in

future a posteriori CFD simulations, each snapshot was decomposed into smaller patches prior

to training and inference. The patch size was selected as a trade-off between retaining suf-

ficient spatial information within each sample and limiting the computational cost associated

with training and generation. To preserve model generalizability, the patch dimensions were

defined in wall units as l+x × l+z ≈ 523× 295 . However, as shown in Figure 1c, the streamwise

shift δx associated with the maximum cross-correlation increases with the wall-normal sampling

location due to the inclination of coherent turbulent structures. Beyond a certain wall-normal

distance, this shift becomes larger than the streamwise patch length l+x , thereby reducing the ef-

fectiveness of the proposed physics-guided constraint. To overcome this limitation, the velocity

fields were shifted in the streamwise direction prior to computing both the EWM predictions

and the reference cross-correlations, such that the maximum correlation is aligned at δx = 0.

This preprocessing step ensures that the footprint of the relevant coherent structures remains

fully contained within each patch, thereby improving the effectiveness of the physics-guided

generation procedure.

3. Results

The proposed Physics-Guided DDPM (PG-DDPM) framework was assessed through a priori

analyses by comparing the reconstructed wall-shear stress fields against the DNS reference and

the corresponding EWM predictions. Particular attention was devoted to the capability of the

model to recover the statistical behavior of near-wall turbulence, including intermittency and

rare extreme events. Figure 2a reports the probability density functions (PDFs) of the wall-

shear stress fluctuations obtained from DNS, EWM, and PG-DDPM reconstructions for differ-

ent matching locations. For consistency, the statistics were computed using the same number of

patches, corresponding to 100 instantaneous snapshots. As shown PG-DDPM reconstructions

accurately recover the DNS statistics over the entire distribution range, including the tails as-

sociated with rare and intermittent events. In contrast, the EWM predictions exhibit strongly
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damped fluctuations and significantly underestimate extreme events. These results demonstrate

the capability of the proposed generative framework to reconstruct physically realistic fluctua-

tions that are entirely absent in deterministic EWM predictions.

The spatial consistency of the reconstructed fields was further evaluated through the cross-

correlation coefficients between wall-shear stress fluctuations and outer-flow velocity fluctua-

tions. Figure 2b shows that the PG-DDPM predictions closely reproduce the DNS reference

correlations, correctly recovering the progressive decorrelation observed as the sampling loca-

tion moves away from the wall. This behavior overcomes the deterministic EWM limitation,

which imposes unrealistically strong correlations between wall-shear stress and sampled ve-

locity fields, leading to perfect correlation independently of the matching location. This re-

sult highlights the effectiveness of the proposed physics-guided sampling strategy in enforcing

physically meaningful relations between outer-flow information and reconstructed near-wall

dynamics. Qualitative comparisons between instantaneous DNS, EWM, and PG-DDPM wall-

shear stress patches are reported in Figure 2c. As previously discussed, EWM fields inherit the

large-scale organization of the sampled velocity field while lacking the small-scale intermit-

tent structures characteristic of near-wall turbulence. In contrast, PG-DDPM reconstructions

recover realistic multi-scale dynamics, generating coherent small-scale fluctuations while pre-

serving the large-scale information provided by the EWM input. Overall, the reconstructed

fields show significantly improved agreement with DNS in terms of both spatial organization

and fluctuation intensity.

Overall, the results demonstrate that the proposed framework successfully augments determin-

istic wall-model predictions by restoring the stochastic and intermittent dynamics of wall tur-

bulence, while maintaining physical consistency through the cross-correlation guidance.

0 1 2 3 4 5

τ+
w

10
−4

10
−3

10
−2

10
−1

10
0

PDF (τ+
w
)

Ref

EWM

PG-DDPM

(a)

0.2

0.4

0.6

0.8

1.0
Rτ ′,u′(y+ = 30)

−0.5 0.0 0.5

∆x/δ

0.2

0.4

0.6

0.8

1.0

Rτ ′,u′(y+ = 120)

(b) (c)

Figure 2. (a) Instantaneous wall-shear stress distribution provided by DNS, EWM, PG-DDPMs. (b)
Cross-correlation coefficients between τ ′w and u′ for matching locations y+ = 30 and y+ = 120. (c)
Qualitative comparison among samples. EWM sample is computed from y+ = 120

5

AIFLUIDs 2026  •  S04 Physics-informed Models 135



4. Conclusions

In this work, a Physics-Guided generative framework based on Denoising Diffusion Probabilis-

tic Models (DDPMs) was proposed for the reconstruction of instantaneous wall-shear stress

fields in turbulent channel flow. The model was trained exclusively on high-fidelity DNS data

and employed to augment low-fidelity Equilibrium Wall Model (EWM) predictions through

a physics-guided reverse diffusion process. The proposed approach addresses one of the main

limitations of classical deterministic wall models, namely the inability to reproduce the stochas-

tic and multi-scale nature of near-wall turbulence. By learning the underlying probability dis-

tribution of DNS wall-shear stress fields, the DDPM is able to reconstruct realistic fluctua-

tions, intermittency, and extreme events that are entirely missed by EWM predictions. In ad-

dition, the introduction of a Bayesian physics-guided sampling strategy based on DNS-derived

cross-correlations ensures physical consistency between the reconstructed wall dynamics and

the outer-flow velocity field.

A priori analyses demonstrated excellent agreement between the generated and DNS statistics,

both in terms of probability distributions and spatial cross-correlations, while qualitative com-

parisons confirmed the recovery of realistic near-wall coherent structures. Furthermore, the

framework showed promising generalization capabilities when applied to conditions different

from those used during training (not shown in this paper).

These results highlight the potential of diffusion-based generative models as a new class of

stochastic wall-modeling tools for WMLES applications, capable of combining physical con-

sistency, statistical accuracy, and computational efficiency.
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Abstract  

A physics-informed latent neural operator framework is proposed for three-dimensional compressor cascade flow 

prediction. The proposed method combines a Transolver-based latent encoder, which extracts compact global latent 

representations of flow conditions from point-cloud CFD data, with a coordinate-based PINNs decoder to reconstruct 

continuous flow fields while incorporating physics-informed residual constraints during training. The results show 

that the proposed framework can accurately reconstruct pressure and velocity distributions of complex three-

dimensional cascade flows and maintains good prediction capability under previously unseen operating condition. The 

present method demonstrates promising potential for efficient CFD surrogate modelling and aerodynamic prediction 

in turbomachinery applications. 

Keywords: Physics-informed neural operator; Transolver; Compressor cascade; Turbomachinery aerodynamics 

1 Introduction 

High-fidelity computational fluid dynamics (CFD) simulations are widely used in turbomachinery aerodynamic 

analysis and compressor cascade design. However, accurate three-dimensional CFD simulations usually require large-
scale numerical discretisation and iterative solvers, resulting in substantial computational cost and long simulation 

times. These limitations become increasingly significant in applications involving aerodynamic optimisation and 

multi-condition flow evaluations. 

To reduce the computational expense of conventional CFD simulations, various deep learning-based surrogate 

modelling approaches have been developed in recent years. Early studies mainly employed convolutional neural 

networks (CNNs) for flow-field prediction on structured grids [1–3]. To improve geometric flexibility, graph neural 

networks (GNNs) and neural operator methods were subsequently introduced for PDE learning on irregular domains 

[4–6]. In particular, neural operator frameworks provide a promising direction for learning mappings between physical 

fields under different operating conditions. 

More recently, transformer-based architectures have attracted increasing attention in scientific machine learning and 

CFD applications due to their capability for capturing long-range spatial correlations. Among these approaches, 
Transolver [7] introduced a transformer-based PDE learning framework for general physical domains using slice 

attention mechanisms. However, existing Transolver-based approaches remain primarily data-driven and mainly 

perform discrete point-wise flow-field regression without explicitly constructing continuous differentiable field 

representations. As a result, incorporating physics-informed PDE residual constraints into transformer-based CFD 

surrogate models remains challenging, and the extrapolation capability of purely data-driven transformer models is 

still relatively limited for complex three-dimensional turbomachinery flows.  

Physics-informed neural networks (PINNs) [8] provide an effective approach for incorporating governing equations 

into deep learning frameworks through PDE residual constraints. However, conventional PINNs frameworks often 

suffer from optimization difficulty and slow convergence when applied to large-scale three-dimensional CFD 

problems. In addition, directly solving complex turbulent flow fields using purely physics-driven PINNs models 

remains computationally challenging for practical turbomachinery applications. 

To address these challenges, the present study proposes a physics-informed latent neural operator framework for three-
dimensional compressor cascade flow prediction on CFD point clouds. The proposed framework combines a 

Transolver-based latent encoder with a coordinate-based PINNs decoder to reconstruct continuous flow fields from 

latent aerodynamic representations. Physics-informed residual constraints based on the continuity and momentum 

equations are further incorporated during training to improve physical consistency and extrapolation capability. In 

addition, prediction task under unseen attack-angle condition is investigated to evaluate the generalization 

performance of the proposed framework. 

2 Numerical Method  

2.1 CFD Simulation and Validation 

The CFD dataset used in the present study was generated from three-dimensional compressor cascade simulations. 

The computational domain consists of a three-dimensional compressor cascade geometry, and all flow-field data were 

AIFLUIDs 2026  •  S04 Physics-informed Models 137

mailto:zhihui.li@liverpool.ac.uk


Proceedings of the 2nd international Symposium on AI and Fluid Mechanics 

Paper No [leave blank] 

*Corresponding Author, Zhihui Li zhihui.li@liverpool.ac.uk 

obtained using ANSYS Fluent. The simulations were performed on structured meshes in order to accurately capture 

the complex geometric boundaries and three-dimensional flow structures within the cascade passage [9]. 

The computational mesh contains approximately 476,736 cells and 501,168 mesh points. The regular mesh 

distribution enables refined spatial resolution near blade surfaces and regions with strong flow gradients, while 

maintaining computational efficiency in relatively smooth flow regions. The resulting CFD solutions were 
subsequently converted into regular point-cloud representations for deep learning-based flow-field prediction. 

To verify the reliability of the CFD simulations, the predicted static pressure coefficient distribution on the blade 

surface was compared with available experimental data. The static pressure coefficient is defined as: 

!! "
!"!!"#
$

%
#$!"#

%
                                                                                      (1) 

where # denotes the local static pressure, #%&' represents the reference pressure, $ is the fluid density, and %%&' is the 

reference inlet velocity. 

Figures 1(a) and 1(b) present the comparisons of the static pressure coefficient distributions at the 5.4% and 50% 

spanwise sections, respectively. Experimental measurements are represented by open-circle markers, while CFD 

results are plotted using solid lines. Results corresponding to the same attack angle are shown using the same colour. 

Overall, the CFD predictions show good agreement with the experimental data on both the suction side and pressure 

side of the blade surface for different attack angles. Compared with the &'( spanwise location, relatively larger 

discrepancies are observed near the &)*( spanwise section due to the more complex near-wall flow structures close 

to the endwall region. Nevertheless, the major pressure variation trends are still accurately captured at both spanwise 

locations, indicating that the present CFD setup provides reliable flow-field data for subsequent deep learning model 

training. 

 
Figure 1. Comparison of static pressure coefficient distributions between CFD predictions and experimental measurements at different attack 

angles: (a) 5.4% spanwise section and (b) 50% spanwise section. 

2.2 CFD Point-Cloud Representation 

The CFD solutions obtained from ANSYS Fluent were converted into point-cloud representations for deep learning 

model training. Specifically, the flow-field data were exported from ParaView by directly saving the spatial point 

information and corresponding flow variables from the CFD results. 

Each point in the computational domain contains the three-dimensional spatial coordinates together with the wall-

distance information and operating-condition features. Therefore, the input feature vector of the +-th point can be 

represented as: 

,( " -.( / 0( / 1( / 2( / 3456789/ :;36789<                                                           (2) 

where .(, 0(, and 1( denote the spatial coordinates of the +-th point, 2( represents the wall distance, and 8 denotes the 

attack angle. The corresponding target flow variables are defined as: 

=( " ->( / ?( / @( / #( / A&'')(<                                                                   (3) 

where >( , ?( , and @(  denote the velocity components, #(  is the static pressure, and A&'')(  represents the effective 

viscosity. All input and output variables were normalized using the statistical properties of the training dataset before 

model training. 

2.3 Framework Architecture 

(a) (b)
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Figure 2 illustrates the overall architecture of the proposed physics-informed latent neural operator framework. The 

framework consists of a Transolver-based latent encoder and a coordinate-based PINNs decoder for continuous three 

dimensional flow field reconstruction. 

The Transolver encoder receives geometric point features and operating-condition information as input and maps the 

large scale CFD point-cloud data into a compact latent aerodynamic representation. The encoder input consists of 
normalized spatial coordinates, wall-distance information, and attack angle encoding features. Through multiple 

transformer layers with slice attention mechanisms, the encoder captures long-range spatial correlations and global 

aerodynamic characteristics within the compressor cascade flow field. 

The latent representation generated by the encoder can be expressed as: 

B " C7D/ E9                                                                                 (4) 

where C  denotes the Transolver encoder, D  represents the geometric point features, E  denotes the attack-angle 

encoding, and B is the latent aerodynamic representation. 

To reconstruct continuous flow fields from the latent representation, a coordinate-based PINNs decoder was employed. 

The decoder receives query-point coordinates together with the latent representation as input and predicts the 
corresponding flow variables at arbitrary spatial locations. The decoder mapping can be written as: 

=F " G7,( / B9                                                                               (5) 

where G denotes the coordinate-based decoder and =F represents the predicted flow variables. 

The decoder predicts the corresponding flow variables at query point locations. The predicted point-wise variables are 

then post-processed for flow-field visualization and comparison with CFD reference results. 

 

Figure 2. Framework architecture for CFD field prediction 

2.4 Physics-Informed Training Strategy 

To improve the physical consistency and extrapolation capability of the proposed framework, physics-informed 

residual constraints were incorporated during training. The continuity equation is defined as: 

H I J " '                                                                                   (6) 

The momentum residual equations can be written as: 

7K I H9J L H# M H I NA&''7HJ L HJ*9O " '                                                        (7) 

During training, automatic differentiation was employed to compute PDE residuals with respect to the spatial 

coordinates. The overall loss function consists of the data reconstruction loss and physics-informed residual losses: 

P " P+,-, L Q.P./0- L Q1P1/1                                                                (8) 

where P+,-,, P./0-, and P1/1 denote the data loss, continuity residual loss, and momentum residual loss, respectively. 

The weighting coefficients Q. and Q1 control the contributions of the physics-informed constraints during training. 

To improve computational efficiency for large-scale CFD point clouds, random point subsampling was employed 

during training. The model parameters were optimized using the AdamW optimizer, and all training procedures were 

implemented using the PyTorch deep learning framework. 

2.5 Training Datasets and Task Construction 

Global Latent Space

Decoder

Output:

Input: Point Cloud Encoder

(Transolver)

PINNs

PDE Residual
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To investigate the capability of the proposed framework for predicting compressor cascade flow fields under unknown 

operating condition, CFD datasets with multiple attack angles were constructed. The training dataset consisted of 

flow-field samples with attack angles of R2, S2, T2, *2, U2, V2, W2, and X2. The flow field corresponding to the unseen 

&2attack-angle condition was employed as the testing dataset. 

All CFD datasets were converted into point-cloud representations containing spatial coordinates, wall-distance 

information, and corresponding flow variables. During training and evaluation, the same data preprocessing and 

normalization procedures were consistently applied across all attack-angle conditions. 

2.6 Computing Facility  

All training and testing procedures in this study were carried out on the high-performance computing (HPC) platform 

Barkla at the University of Liverpool with Nvidia H100 GPU card. 

3 Results 

The capability of the proposed framework was evaluated using the unseen &2attack-angle condition, which lies within 

the range of the training dataset. Fig.3 presents the comparison of the three-dimensional flow-field predictions between 

the CFD reference solution and the proposed framework. 

 
Figure 3. Comparison of three-dimensional prediction results at the 5∘attack-angle condition between the CFD reference solution and the proposed 

framework: (a) velocity magnitude, (b) pressure, and (c) effective viscosity 

 
Figure 4. Comparison of blade-surface pressure distributions for the 5∘condition between the CFD reference solution and the proposed framework 

Overall, the predicted velocity magnitude, pressure, and effective viscosity distributions show good agreement with 

the CFD results. The proposed framework successfully reconstructs the major aerodynamic characteristics of the 

compressor cascade flow, including the flow acceleration within the blade passage, the low-pressure region near the 

(a) (b)
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suction side, and the high viscosity regions associated with boundary-layer development. In addition, the predicted 

flow fields remain smooth and physically consistent without obvious nonphysical oscillations.  
To further evaluate the near-wall prediction performance, Fig. 4 compares the blade-surface pressure distributions 

between the CFD reference solution and the predicted results. Good agreement can be observed on both the pressure 

side and suction side of the blade surface. The proposed framework accurately captures the pressure variation along 

the blade surface, including regions with relatively strong pressure gradients near the leading-edge and trailing-edge 

regions. Although minor discrepancies can still be observed in localized regions with complex three-dimensional flow 
interactions, the overall prediction accuracy remains satisfactory for the unseen condition. The errors are mainly 

concentrated near regions with strong secondary-flow structures and relatively large pressure gradients. 

To quantitatively evaluate the prediction performance, the relative root mean square error (RMSE) values of different 

flow variables are summarized in Table 1. The results indicate that the proposed framework achieves low prediction 

errors for all flow variables under the unseen &2attack-angle condition, demonstrating its capability for accurate three-

dimensional compressor cascade flow construction on CFD point clouds. 

Table 1. Relative RMSE comparison of different flow variables for the Y2 prediction case 

RMSE_u RMSE_v RMSE_w RMSE_Vm RMSE_p RMSE_Z344 

2.67％ 0.83％ 1.06％ 0.74％ 1.05％ 3.39％ 

4 Conclusion  

In the present study, a physics-informed latent neural operator framework was proposed for three-dimensional 

compressor cascade flow prediction on CFD point clouds. The proposed method combines a Transolver-based latent 
encoder with a coordinate-based PINNs decoder to reconstruct continuous flow fields while incorporating physics-

informed residual constraints during training. The prediction performance of the proposed framework was evaluated 

using the previously unseen &2attack-angle condition. 

The results demonstrate that the proposed method can accurately reconstruct velocity magnitude, pressure, and 

effective viscosity distributions for complex three-dimensional cascade flows. Good agreement was obtained between 

the predicted results and CFD reference solutions for both global three-dimensional flow structures and blade-surface 

flow distributions. In addition, the proposed framework achieved low prediction errors for different flow variables 

under the unseen operating condition. 

Overall, the present study indicates that the proposed physics-informed latent neural operator framework provides a 

promising approach for efficient CFD surrogate modelling and aerodynamic prediction in turbomachinery 

applications. 
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Abstract 

Real-time feedback control of multiphase flows remains challenging because the governing dynamics are strongly 

nonlinear, exhibit regime transitions, and are typically accessible only through computationally expensive high-

fidelity CFD. This work proposes a surrogate-assisted model predictive control (MPC) framework for the regulation 

of  multiphase  processes  using learned operators.  A Fourier  Neural  Operator  (FNO) is  trained to  forecast  the  

spatiotemporal evolution of a phase-indicator field (the volume fraction) over a finite horizon from a short history of 

recent states and a candidate actuation signal. The predicted fields are mapped to a task-relevant scalar observable (the 

liquid level), and a receding-horizon objective is minimised under input bounds and smoothness penalties. Because  

the resulting cost can be nonconvex and nonsmooth due to the level-extraction operation, we employ Bayesian  

optimisation to select the constant-hold inlet velocity that minimises the finite-horizon tracking error with few 

surrogate rollouts. The approach is demonstrated by solving an optimal control problem (OCP) on a two-phase 

Eulerian bubble column, where the controller tracks piecewise-constant level setpoints while respecting actuator  

limits. Results indicate that field-level forecasting with FNOs enables closed-loop performance at a fraction of the 

cost of embedded CFD, providing a practical route toward MPC for fast multiphase unit operations and a foundation 

for future extensions to partial observability and physics-informed operator learning.

Keywords: Neural Operators, Model Predictive Control, Multiphase Flows

Figure 1: Closed-loop setpoint tracking performance for the bubble-column liquid level. The 

measured level (blue) is regulated to a piecewise-constant reference (red dashed) across repeated 

setpoint changes, with short transients at switching times and small steady-state offsets near the 

operating extremes.
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Abstract. A significant share of the energy consumed in diesel engines is required to operate

the fuel injection pump. Within the Excellence Cluster The Integrated Fuel & Chemical Sci-

ence Center (FSC2) at RWTH Aachen University, methods are being developed to design novel

fuels. While research has largely focused on combustion characteristics, the fuel design also

plays a significant role in improving injection pump efficiency and, in turn, overall system ef-

ficiency. Investigating fuel design requires assessing numerous pure fuels and blend combina-

tions across operating conditions, resulting in substantial computational cost. To address this,

we substituted classical thermohydrodynamic (THD) simulations with physics-informed neural

networks (PINNs) to accelerate high-dimensional analyses. Building on prior THD-PINNs, we

introduce a parameter-dependent PINN that captures multiple operating conditions and fluid com-

positions within a unified surrogate model. Fluid blends are modeled using simplified mixture

rules that incorporate temperature- and pressure-dependent thermal conductivity, along with es-

tablished density and viscosity dependencies. The model is evaluated on different mixtures of

n-heptane/ethanol aligned with ongoing FSC2 research. The surrogate enables efficient determi-

nation of THD behavior across the whole solution domain, supporting multi-objective optimiza-

tion of injection pump performance and trade-offs between ignition delay, pump efficiency, and

environmental impact.

1. Introduction

Within the Fuel Science Center, numerous approaches have already been developed to optimize bio-

hybrid fuels. These efforts address not only combustion-related properties, such as ignition delay, ef-

ficiency, and emissions, but also environmental and economic performance indicators. Building on

these optimization efforts, the efficiency of the injection pump becomes a key factor, as several kilo-

watts of power may be required to operate it in passenger-car applications. To estimate the main

losses, primarily at the piston-bushing contact, where the pump piston moves within the cylinder sleeve,

1
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thermohydrodynamic (THD) models account for fluid flow, pressure, and temperature, while thermo-

elastohydrodynamic (TEHD) models also account for elastic deformation. These models allow straight-

forward variation of fuel properties and, through appropriate mixing rules, predict changes in blend

properties. Despite advances in these simulation models, classical simulation of such tribological sys-

tems remains both time-consuming and computationally expensive. The large number of potential fuel

candidates, combined with the virtually unlimited number of possible blend combinations, makes the

search for an optimal mixture composition highly demanding computationally. To address these compu-

tational challenges, physics-informed neural networks (PINNs) represent a highly promising alternative.

In previous work, PINNs were successfully applied to simulate a simplified piston–bushing contact [4].

It was demonstrated that PINNs can also resolve the strong pressure- and temperature-dependent vari-

ations in material properties characteristic of fuel injection pumps. Extending this approach, whereas

previous work by the authors [4] focused on establishing a thermohydrodynamic physics-informed neu-

ral network (THD-PINN) framework to train PINNs without incorporating boundary conditions and

initial conditions as input parameters, this work now presents parameter-dependent PINNs (also known

as multi-case PINNs), where boundary conditions, initial conditions, and fluid mixture fractions are all

included as input parameters. In the following, Section 2 introduces the investigated system, the injec-

tion pump, the governing physical equations, the investigated test cases, the fuel mixture rules, the THD

simulation, and the THD-PINN. Afterward, Section 3 presents the results of the THD-PINN compared

to the conventional THD simulation, and eventually Section 4 provides a conclusion and an outlook.

2. Methodology

The efficiency of an injection system, as shown in Figure 1, is heavily impacted by losses within the

injection pump. Beyond bearing and shaft–cam friction, pump efficiency depends chiefly on volumetric

losses at the piston-bushing interface. Consequently, this study centers exclusively on this contact. As the

main objective of this work is to develop a multi-case PINN for predicting the impact of fuel composition

on volumetric losses at this contact, a simplified computational domain (Figure 1, left) is used. Although

the actual contact is cylindrical and has surface roughness, the simplified model is represented as a one-

dimensional gap with constant height. Other effects, such as solid deformation and thermal interactions

between fluid and solid, are also omitted.

2
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To describe the pressure and temperature distribution for the presented domain, the one-dimensional

Reynolds equation (2.1a) and the energy equation (2.1b) are solved.
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High pressures (up to 3000 bar) at the piston–bushing contact raise the fluid temperature to 250 ◦C.

Therefore, fuel properties are modeled as functions of both pressure and temperature. The relations used

are shown in Equations (2.2a)–(2.2c) [6]. Building on the modeling approach introduced above, the

dynamic viscosity [ is calculated using a Vogel–Barus equation of state. The temperature dependence

of the density d is modeled by a linear relation, while its pressure and temperature dependence are

represented by a modified Tait equation. In both cases, polynomial functions (2.2d) are employed to

improve the accuracy of the pressure dependence. Furthermore, the thermal conductivity _ is modeled

using an exponential function based on the same polynomial formulation. For the heat capacity 2?, the

influence of pressure and temperature is neglected, and a constant value is assumed. [1]
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Based on discrete data points obtained using CoolProp and the proposed fluid models, a regression analy-

sis was performed. These results show good agreement between the model predictions and the reference

data [2]. Specifically, the coefficient of determination, ('2), exceeds 0.98 for all fluid properties and

all fuels considered. Furthermore, no polynomial of degree higher than two was required, = ≤ 2. The

fluid properties of fuel mixtures are defined using the simplified mixing rules in Equations (2.3a)–(2.3c).

Specifically, the viscosity [<8G is calculated with a logarithmic rule, while the density d<8G uses the

harmonic mean of the components. Furthermore, the thermal conductivity _<8G and heat capacity 2?<8G

are determined with an arithmetic rule. [1]

ln ([<8G) =

=∑

8=0

ln ([8) · G8 (2.3a)

1

d<8G

=
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8=0

G8

d8
(2.3b) q<8G =

=∑

8=0

q8 · G8 (2.3c)

The presented equations describing the pressure and temperature fields, as well as the fluid properties,

are applied consistently in both the THD simulation and the THD PINN.

2.1. The Thermohydrodynamic Simulation

To solve governing equations, the simulation model described in [4], based on the finite volume method

(FVM), was used. Central differencing schemes were applied for the pressure and temperature gradients,

while all convective terms were treated using an upwind scheme to ensure numerical stability. Where

required, harmonic averaging was employed for the evaluation of interfacial properties. The simulation

stopped when the residuals fell below 1×10−8. A time step size of 10 µs was used, and the computational

domain was discretized into 500 uniformly sized control volumes. For a more detailed description of the

simulation model and its numerical implementation, the reader is referred to [4, 7].

3
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2.2. The Thermohydrodynamic PINN

The THD PINN receives spatial and temporal grid points from the simulation domain (G, C) as well as

the values of the boundary conditions and the fluid fractions as inputs, as listed in Table 1 and illustrated

in Figure 2. For the sum of all fluid fractions, it holds that
∑<

8=1 -8 = 1. Between input ranges, either five

or nine points were sampled, denoted as ”N” in table 2. Several PINNs were trained with a combination

of Gmix, ? and ) as input parameters for the multicase PINN, denoted as ”MC” in table 2.

Table 1: The variables and their range provided to the THD PINN as inputs.

Input Description Range Input Description Range

G spatial coordinate [0,0.25] oG=0 temperature at left boundary in °C [20,60]

C temporal coordinate [0,0.01] ?G=0 pressure at left boundary in bar [100,3000]

- 5 ; vol. fraction - of fluid 5 ; [0,1]

Boundary and initial conditions were enforced to reduce losses during balancing. Subsequently, the pre-

viously described equations are used. The NN consists of 3 layers with 32 neurons each, and GELU [5]

activation functions were chosen. Furthermore, a Bayesian optimizer [10] was used for hyperparameter

tuning, but it did not improve the NN model’s performance after 80 iterations, each with 103 epochs. For

the training of the PINN model, the SPAM variant [8] of the ADAM optimizer was used. Finally, for loss

balancing, the ReLoBRaLo algorithm [3] and the conFIG algorithm [9] were used. For a more detailed

description of the PINN, the reader is referred to [4].

3. Results

Table 2: Comparison of results with varying number of sampling points during training and input parameters.

MC N max(4rel, p) [%] mean(4rel, p) [%] max(4rel,o) [%] mean(4rel,o) [%] =train [1k] Ctrain [min]

Gmix 5 3.83 1.10 3.32 0.58 100 6.931

Gmix 9 5.14 0.35 4.29 0.45 100 10.07

Gmix, ? 5 15.60 1.32 6.15 0.50 10 25.48

Gmix, ? 9 14.98 1.09 6.06 0.35 10 79.07

Gmix, o 5 7.18 0.83 4.26 0.79 10 25.32

Gmix, o 9 10.51 1.97 11.87 3.94 10 78.78

Gmix, ?,o 5 35.58 2.55 20.75 1.45 1 16.8

Gmix, ?,o 9 22.80 1.36 14.95 0.93 1 70.26

The simulation was conducted over the full factorial design of linearly spaced parameter values, compris-

ing 5 points for the left-boundary temperature oG=0 ∈ [20,60] ◦�, 5 points for the left-boundary pressure

?G=0 ∈ [100,3000]10A, and 9 points for the volume fraction -8 ∈ [0,1]. Table 2 shows maximal and

mean relative errors for both pressure ? and Temperature o compared to simulation results. One simula-

tion ran for about 6 minutes, indicating that all PINNs achieve a significant speedup, even when training

time is included.

Figures 3, 4a, 4b show a statistical evaluation of relative errors across one input parameter of a single

Gmix, ?,o multicase PINN. Outliers were omitted for visibility as maximal errors are already shown in

table 2.

4
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4. Conclusion & Outlook

This work introduces a parameterized THD-PINN, which is effectively applied in a multi-case scenario

to characterize the pressure and temperature dynamics of an injection pump operating with an ethanol/n-

heptane blend. The THD-PINN yields slightly less accurate results than conventional THD simulations

while significantly reducing computational time. Although initial training involves greater computa-

tional resources, the trained PINN enables rapid evaluation of numerous test scenarios, accommodating

variations in fuel mixtures, pressures, and temperatures. Conversely, traditional THD simulations re-

quire individual computation for each scenario, leading to substantially higher computational demands

for broad parameter studies. Therefore, the THD-PINN offers an efficient solution for quickly analyzing

diverse operating conditions and fuel blends. Future work will expand the method to additional fuels and

more complex mixing models. Furthermore, upcoming research will examine more complex geometries

and kinematics in conjunction with thermal and mechanical interactions within solid bodies.
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aifluids/figures/Injection system.png

Figure 1: Schematic sketch of a state-of-the-art common-rail injection system and the simplified computational

domain for the piston/bushing contact.
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aifluids/figures/PINN_adjusted.png

Figure 2: Illustration of information flow during the PINN training.

aifluids/figures/figure_1_x_mix_errors_short.pdf

Figure 3: Relative errors for varying ethanol fraction in fluid
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aifluids/figures/figure_2_pressure_errors_half_short.pdf

(a) Varying left pressure boundary condition

aifluids/figures/figure_3_temperature_errors_half_short.pdf

(b) Varying left temperature boundary condition

Figure 4: Relative errors for varying left boundary conditions
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Abstract. The numerical simulation of turbulent combustion is faced by a trade-off between modeling

depth and affordable computation cost. A well-established approach for non-premixed combustion is

the flamelet model which represents a turbulent flame as an ensemble of laminar diffusion flamelets and

couples CFD to an a priori tabulated library of solutions of the unsteady flamelet equation. While this

method is accurate, it comes with large memory footprints to keep discretization errors small, and an

interpolation step that adds runtime to the final CFD simulation. To overcome this drawbacks, a physics-

informed neural network (PINN) is proposed that acts as a PDE solver for the unsteady flamelet equation

in forward mode. A flexible differential chemistry solver is integrated into the physics-based loss func-

tion enabling backpropagation through the full reaction mechanism while enforcing the governing PDE

together with boundary and initial constraints. Thus, the strong diffusion-reaction nature of the unsteady

flamelet equation and the chemical stiffness is handled. The PINN is validated on hydrogen diffusion

flamelets which is an ideal stress test due to pronounced kinetic stiffness. Additional results on ammonia

combustion confirm that the proposed PINN is able to reconstruct flamelets with high accuracy by using

hard constraints for boundary and initial conditions and consequently without the need of data generated

by numerical simulation. The work also discusses the ability of PINNs to generalize across flamelet

parameters and thus, replacing flamelet tables.

1. Introduction
Turbulent combustion is one of the most challenging tasks in computational fluid dynamics (CFD). The

combination of solving turbulent flows, which requires highly accurate modeling approaches and signifi-

cant knowledge by itself, and complex chemistry, leads to high demands on the modeling approaches [1].

In addition to the requirements to accurately model turbulent flames and their underlying physics, es-

pecially turbulence chemistry interaction, the computational demand of turbulent combustion models

should be kept in reasonable limits. A well-established approach, especially in case of non-premixed

flames, is the flamelet model. Here, the flame is represented by an ensemble of finite laminar flames, the

so-called flamelets. The flamelet assumption is valid in flame regimes where the interactions between

turbulence and combustion are limited since small eddies remain larger than the reaction zone [2]. How-

ever, this assumption holds true for the majority of technical relevant combustion appliances. For non-

premixed combustion, the flamelets are modeled dependent on the mixture fraction Z, which represents

the fuel mass fraction. This dependence implies that the combustion is essentially governed by the mix-

ing of fuel and oxidizer [3]. In addition of the flame representation by flamelets, the three-dimensional

turbulent flow can be separated from the one-dimensional (1D) reaction/diffusion process in the laminar

flame. Thus, the flamelets can be calculated independently of the turbulent flow field simulation in a

AIFLUIDs 2026  •  S04 Physics-informed Models 151



preprocessing step, in which the flamelet results are stored in look-up tables. While this approach is in

principle computationally cheap for CFD since the chemistry solution is outsourced, some drawbacks

still exist: Each parameter for the pre-generated flamelet adds a dimension to the lookup table, which

increases the size of the tables to unmanageable limits if multi-fuel or non-isobaric conditions are consid-

ered. The use of machine learning (ML) methods for the memory efficient representation of the flamelet

data has been investigated. Rohrhofer et al. [4] introduced a neural network to learn species mass frac-

tions of flamelet tables. Their approach incorporates a network architecture that automatically conserves

mass and employs a particular loss weighting based on species depletion. Owoyele et al. [5] compared

three different training strategies namely one ANN for each flamelet output, one artificial neural network

(ANN) for all flamelet output and one ANN for data groups based on similar species behaviour. They

implemented the latter two variants in an LES of the engine combustion network (ECN) spray A dode-

cane spray combustion case as well as an LES of an internal combustion engine. The authors reported a

significant memory reduction while keeping accuracy in similar ranges as the tabulated case. Li et al. [6]

compared different ML methods such as ANN and gradient boosted trees to represent tabulated flamelet

data. They reported that data preprocessing influences the model performance significantly. In contrast

to the aforementioned purely data-driven ML approaches, the present work investigates the application

of physics-informed ML models, in particular physics-informed neural networks (PINNs). The main

idea of using PINNs is to combine the flamelet data generation process and the efficient data storage

capabilities of neural networks in a single step. Thus, a novel PINN model [7] is used which solves

the unsteady flamelet equation by implementing a differentiable chemistry solver enabling end-to-end

backpropagation through the chemistry solver during training. The model is validated on hydrogen (H2)

and ammonia (NH3) systems, showing that the PINN is able to flamelets with high accuracy.

2. Methodology
2.1. Flamelet model

The laminar flamelet solution used for the CFD look-up tables is usually determined assuming a structure

similar to a laminar stagnation point flame given by a planar opposed jet configuration [2]. Assuming

that the mixture fraction Z is a conserved scalar and unity Lewis number, the 1D mass conservation

equation for each species k in Z-space can be written by [2]

∂Yk
∂t

=
χ

2

∂2Yk
∂Z2

+ ω̇k, (1)

where ω̇k denotes the reaction term of the relevant species k and χ is the scalar dissipation rate. This

formulation represents a 1D reaction/diffusion partial differential equation (PDE) in the most simple

form. The scalar dissipation rate can be expressed as [2]

χ∞ (a, Z) =
a

π
exp

[

−2
(

erfc−1 (2Z)
)2
]

, (2)

with a is the strain rate as flamelet parameter. To solve the unsteady flamelet equation, Yk(Z = 0) and

Yk(Z = 1) are given at the oxidizer and fuel boundary, respectively. At t = 0, a linear dependency of Yk
over Z is assumed. The total enthalpy of the mixture is approximated by h = Z ·hfuel+(1−Z)·hoxidizer,

which is again a function of composition and temperature.

2.2. Differentiable chemistry

Looking at Eq. 1, the chemical source term ω̇k of species k depends on the mass fractions of the full set of

species Y resulting in a tightly coupled, nonlinear system across all species. In numerical simulations,

chemical kinetics are usually solved by suitable chemistry solvers such as Cantera [8]. However, the

coupling of ω̇k with the PINN output vector Y requires the integration of the source term calculation
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to be part of the computational graph and thus, the chemistry solver has to be differentiable. In the

present PINN framework, the differentiable chemistry backend reactorch [9] is used. reactorch enables

the determination of the thermodynamic variables and chemistry by using cantera-like input. Since

the thermodynamic state definition in reactorch requires temperature T , pressure p and species mass

fractions Y , an additional differentiable root finding algorithm was implemented to determine T from h
based on the NASA 7-coefficient polynomials.

2.3. Physics-informed neural network

PINNs are a deep-learning framework for solving forward and inverse problems described by ordinary

or partial differential equations [10]. In forward mode, PINNs can be used to solve differential equations

without the need of a computational mesh. By approximating the solution by a neural network with

parameters θ, the corresponding physics residual for the flamelet equation 1 can be written as

rθk(t, Z) = −
∂Y θ

k

∂t
+

χ

2

∂2Y θ
k

∂Z2
+ ω̇k. (3)

The corresponding physics loss to enforce the governing equations at collocation points sampled in

the interior of the domain is

Lf =

Nf
∑

i=1

Ns
∑

k=1

∣

∣

∣
rθk(t

i, Zi)
∣

∣

∣

2

, (4)

where Nf denotes the number of collocation points and Ns denotes the number of species. Since

the boundary and initial conditions of the present PINN model to solve the flamelet equation in forward

mode are implemented via hard constraints, the network is solely trained on the physics loss Lf . In order

to solve stiff reaction systems such as the flamelet equation, an adapted form of residual weighting was

used given by [4]

ρik =
1

1 + |ωi
k(Y

i)|
, (5)

where ωi
k(Y

i) denotes the reaction rate of species k evaluated for the mass-fraction vector Y i. This

weighting reduces the contribution of regions with very high reaction rates to the loss function, thereby

reducing train instabilities commonly encountered in stiff reactive systems. Furthermore, mass conser-

vation is enforced in the outlet layer of the network. Figure 1 shows the schematic illustration of the

PINN model.

3. Result
In the following, the results of the PINN model are presented for H2 and NH3 global reactions. The

numerical results for the validation are generated with the flamelet solver ZLFLAM [11].

3.1. Hydrogen

Hydrogen combustion is the first reactions on which the PINN model is tested. Due to its fast kinetics,

it represents major challenges for the PINN in solving the resulting problem stiffness. The chemistry

is modeled by a single-step global mechanism 2H2 + O2 2H2O with the Arrhenius constants A =
1.8e19, β = 0 and Ea = 17614. The thermodynamic properties are taken from the well-known San

Diego hydrogen mechanism [12]. Nitrogen as an inert species is implemented as hard constraint to the

network.
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Figure 1: Schematic illustration of the PINN model. The PINN approximates the species mass frac-

tions Yi. These predictions are evaluated by a differentiable chemistry solver to compute the species

reaction rates ω̇i. The resulting mass fractions and reaction rates enter the physics-informed loss, en-

abling end-to-end backpropagation through the chemistry solver during training.

Figure 2(a) shows the solution of the flamelet equation for a fixed strain rate a = 1s−1. The PINN

accurately reproduces the species evolution across the full spatiotemporal domain without showing in-

stabilities nor oscillations. Additionally, the PINN achieves stable convergence in a regime characterized

by extremely stiff and sharply varying reaction dynamics. These results strongly underline the ability

of the present PINN to model reaction/diffusion PDEs such as the flamelet equation by incorporating a

differentiable chemistry solver enabling the end-to-end backpropagation while training.

3.2. Ammonia

For the second test, the PINN is used to solve the flamelet equation in forward mode for NH3 combus-

tion. The chemistry of the NH3 reaction is again modeled by a single-step global mechanism NH3 +
3/4O2 1/2N2 + 3/2H2O with the Arrhenius constants A = 2.51e16, β = 0 and Ea = 75000. The

thermodynamic properties are taken from the GRI-Mech 3.0 [13].

Figure 2(b) shows the solution for a fixed strain rate of a = 1s−1, identical to the hydrogen case. The

PINN accurately captures the evolution of the species mass fractions across the entire spatiotemporal

domain. Compared to hydrogen combustion, the ammonia reaction exhibits slower chemical kinetics,

resulting in less pronounced stiffness of the governing equations. However, unlike the hydrogen case,

no inert species are present, increasing the dimensionality of the PINN output space from three to four

species. These results further confirm the capability of the proposed PINN framework to accurately solve

coupled reaction-diffusion flamelet equations across different combustion regimes.

4. Summary and conclusions
The present work presents a general framework for integrating differentiable chemistry solvers into

PINNs to solve the unsteady flamelet equation. By further measures such as residual weighting based on
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(a) H2 flamelet solution for strain rate a = 1 s−1.
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(b) NH3 flamelet solution for strain rate a = 1 s−1.

Figure 2: Results of the flamelet solutions for strain rate a = 1 s−1. The left columns show the reference

species mass fractions, the middle columns the PINN predictions using the proposed framework, and the

right columns the absolute errors.

the chemical source term, enforcing mass conservation and using hard constraints for initial and boundary

conditions, the PINN is able to solve even pronounced kinetic stiffness such as is the case for hydrogen

reaction. This work also builds the base for further PINN extensions for flamelet applications. Us-

ing one PINN instance for multiple strain rates or other flamelet parameters such as pressure, a potential

pathway toward integrating PINN-based chemistry models into high-fidelity CFD simulations, where de-

tailed chemical kinetics are traditionally represented through discrete precomputed lookup tables, would

be achieved. Thus, a more flexible and memory-efficient alternative for modeling combustion chemistry

across parameter spaces could be offered.

However, the current PINN model is limited to global one-step Arrhenius reaction mechanisms.

While the differentiable chemistry solver is directly applicable to multi-step and detailed chemical kinet-

ics, the adaption of the PINN is challenging due to increased stiffness and system dimensionality. These

extensions are part of future investigations.
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Appendix
Training Settings

The solution function is approximated using a fully connected neural network with four hidden layers

and 50 neurons per layer. All hidden layers use the hyperbolic tangent activation function, while an ex-

ponential activation is applied to the output layer to ensure non-negativity of the predicted mass fractions

and also to allow applying constraint for the mass fraction sum. Input variables are scaled to the inter-

val [−1, 1]. Collocation points in time (t) and mixture fraction (Z) are sampled using Latin hypercube

sampling, with 1024 collocation points per epoch.

Hard constraints for initial and boundary conditions are implemented as

Ỹ react(t, Z) = ZY fuel + (1− Z)Y coflow + f θ(t, Z)(t/tmax)Z(1− Z). (6)

In the case of hydrogen, inert specie mass fraction is hard constrained as:

YN2
(t) = ZYfuelN2

+ (1− Z)YcoflowN2
. (7)
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In both setups, mass conservation is enforced by normalizing the reactive species such that

Y react(t) =
Ỹ react(t)

∑

i Ỹreact,i(t)
(1− YN2

(0)) . (8)

Combustion Settings

Hydrogen The flamelet formulation is defined by two opposing streams corresponding to the fuel and

coflow (oxidizer) states. The fuel and coflow states for the H2 system are specified by their temperature

and composition according to [11] as

Fuel: T = 305 K, X fuel = {XH2
= 0.25, XN2

= 0.75},

Coflow: T = 1045 K, Xcoflow = {XO2
= 0.14744, XN2

= 0.75363, XH2O = 0.09893}.

Using Cantera, the exact thermochemical states of the fuel and coflow streams can be computed.

The resulting species mass fractions define Dirichlet boundary conditions in Z space,

Y (Z = 0) = Y coflow, Y (Z = 1) = Y fuel. (9)

The corresponding mass-fraction values obtained from the equilibrium evaluation are

YH2
(Z = 0) = 0.0000, YH2

(Z = 1) = 0.0234,

YO2
(Z = 0) = 0.1709, YO2

(Z = 1) = 0.0000,

YH2O(Z = 0) = 0.0645, YH2O(Z = 1) = 0.0000,

YN2
(Z = 0) = 0.7646, YN2

(Z = 1) = 0.9766.

Ammonia For the NH3 system, the relevant parameters are:

Fuel: T = 2000 K, X fuel = {XNH3
= 1.0}

Coflow: T = 1045 K, Xcoflow = {XO2
= 0.14744, XN2

= 0.75363, XH2O = 0.09893}.

The corresponding mass-fraction values are

YNH3
(Z = 0) = 0.0000, YH2

(Z = 1) = 1.0000,

YO2
(Z = 0) = 0.1709, YO2

(Z = 1) = 0.0000,

YN2
(Z = 0) = 0.7646, YH2O(Z = 1) = 0.0000,

YH2O(Z = 0) = 0.0645, YN2
(Z = 1) = 0.0000.
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